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We construct complete sets of (open and closed string) covariant coherent state and mass eigen- 
state vertex operators in bosonic string theory. This construction can be used to study the evolution 
of fundamental cosmic strings as predicted by string theory, and is expected to serve as a self- 
contained prototype toy model on which realistic cosmic superstring vertex operators can be based 
on. It is also expected to be useful for other applications where massive string vertex operators are 
of interest. We pay particular attention to all the normalization constants, so that these vertices 
lead directly to unitary 5-matrix elements. 
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I. INTRODUCTION 

The study of cosmic strings, sec e.g. [l|, y| and ref- 
erences therein, has flourished in recent years, fohowing 
the discovery Ql (but see also Q) ^^, that such ob- 
jects may be produced in string models of the early 
universe, thus providing an observational signature for 
Superstring theory |8l4l0l|. 

The possibility that superstrings of cosmological 
size may have been produced in the early universe was 
first contemplated by Witten ll| who (based on current 
knowledge of the time) concluded that had they been 
produced they would either not be observable (they 
would be produced before inflation and diluted away 
by the cosmological expansion), they would be unstable 
(they would disintegrate into smaller strings long be- 
fore reaching cosmological scales in the case of Type I 
strings, or in the case of Heterotic String theory they 
would arise as boundaries of domain walls whose ten- 
sion would cause the strings to collapse), and in any 
case they would nevertheless be excluded by experimen- 
tal constraints, requiring string tensions, Gfi r^ 10~^ 
(with G the four-dimensional Newton's constant and 
fj, = l/(27ra') the fundamental string tension), while it 
was clear that strings with Gfj. > 10^^ had already been 
ruled out. Much has changed since then, the discovery 
of dualities [l^l and D-branes [ij,[ijl having completely 
revolutionized our understanding of string theory. 

These new developments opened many new avenues 
for model building [l^ and string cosmology, such as the 
brane inflation scenario [a, Il6l - [2(]j in the context of large 
extra dimensions |2ll423l |. where macroscopic strings 
have been found to be produced [1 H 0, i, [13] with 
string tensions in the range Q, 10~^^ < G/x < 10^^. 
In these scenarios it is difficult to obtain a sufficient 
amount of inflation [2^, [2al and in [2a] this problem is 
evaded by considering instead a warped compactiflca- 

tion (23, [23 , a concrete example of which is the well 
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known KLMT scenario [26|, |29[ . It has since been real- 
ized that it is possible in these theories to construct 
macroscopic non-BPS as well as BPS strings which are 
stable [30] and potentially observable. 

Unfortunately, no completely satisfactory string 
model of the early universe exists yet: although all mod- 
uli are stabilized in the brane inflation scenario [20, [20] 
it suffers from a reheating problem where all the reheat- 
ing energy arising from the D3/D3-annihilation goes 
into a massless U(l) gauge field that lives on the stabi- 
lizing D3-brane instead of going into the standard model 
fields, for a brief elaboration on this see [31|. Further- 
more, in the context of large extra dimensions there is 
no known mechanism to stabilize the moduli. Neverthe- 
less, these drawbacks may be specific to the models con- 
sidered to date and it is plausible that in more general 
constructions these problematic features are absent. 

For an overview of cosmic strings in the pre- and 
post- "second superstring revolution" era see [l| (as well 
as the older more extensive reviews [32, [S^) and |2|.[34J- 



kOJ l respectively, and for an excellent review which also 
contains many introductory remarks and computational 
details associated to the latter see [4ll. 



Brane Inflation 



It is possibly rather natural to suspect there to have 
been a multitude, or a gas, of D-branes of various dimen- 
sionalities in the early universe. The branes of higher 
dimensionality will annihilate first and produce lower 
dimensional branes and branes that are present today. 
As an example, in the most concrete (almost viable) 
scenario, namely the KLMT scenario [20], one studies 
the relative motion of a remaining D3-brane and -D3- 
brane, which are separated in the transverse space in a 
throat of a Calabi-Yau (CY) three-fold. There is a U(l) 
gauge symmetry on each of these branes. Cosmological 
infiation is driven by the attractive interaction poten- 
tial associated to the D3- and £'3-brane which approach 
each other in the higher dimensional bulk space. 

The two branes eventually collide and annihilate 
via tachyon condensation, see e.g. [42|. Due to the 
Kibble mechanism [43|, when a U(l) gauge symmetry 
becomes broken during the evolution of the universe, 
defects (and in particular cosmic strings) will be pro- 
duced. The crucial observation of [O] was that the low 
energy string dynamics at the end of brane infiation is 
described by U(l) symmetry breaking in the tachyon 
field, and therefore one expects the formation of defects 
which are seen as cosmic strings by observers on the (or 
one of the) remaining higher dimensional branes. It has 
been argued that the production of other defects such 
as monopolcs and domain walls is suppressed [5| . These 
defects are identifled [4J, [45| with Z?l-branes, which 
follows from computing the conserved charges. Nev- 
ertheless, both D-strings and F-strings are expected to 
arise 0, [Oj in this process, even though the standard 
language of string creation associated to a spontaneous 
breaking of a U(l) symmetry is not appropriate for F- 
strings (unless gs 3> 1). The standard model particles of 
strong and weak interactions correspond to open string 
modes confined to a remaining D-brane with 3 large 
non-compact dimensions, and the closed string modes 
(e.g. the graviton, radions and massive excitations) cor- 
respond to bulk modes. 

The presence of cosmic strings is likely to be a fairly 
generic feature of any string model of the early universe 
and in the present article we shall assume that such a 
model can be found and focus instead on the cosmic 
strings themselves. We shall focus in particular on the 
fundamental cosmic strings which have an exact pertur- 
bativc (in the string coupling gs = e^^' and the funda- 
mental string length squared a') description in terms of 
vertex operators. 



B. Cosmic String Evolution 

The basic properties which collectively determine 
the evolution are string inter-commutations and recon- 
nections |46l - [50l | , quantum or classical string decay [Sll - 
[6]| and the presence of junctions |62l - l67| , and possible 
instabilities [^, [ll|, [SJ]. Collectively, these properties 
and cosmological considerations (such as the expansion 
rate of the universe, density inhomogeneities, and so 
on) determine the various observational signatures from 
cosmic strings. 

An initial distribution of long strings is formed via 
the Kibble mechanism, the shape of any one such string 
resembling a random walk. The expansion of the uni- 
verse stretches these strings which intercommute and 
reconnect producing kinks (i.e. points on the string at 
which the spacetime embedding tangent vectors associ- 
ated to left and right-movers are discontinuous). Any 
one of these kinks then separates into two kinks run- 
ning along the string in opposite directions. When left- 
and right-moving modes meet on any given section of 
a string gravitational radiation is produced. There will 
also be long strings that self-intercommute and produce 
loops which subsequently are expected to decay into 
smaller loops, massive, and massless (including gravita- 
tional) radiation. 

There is general consensus on the large scale evolu- 
tion of cosmic strings. Here the string network evolves 
towards a scaling regime, a regime in which the charac- 
teristic length scale of the configuration evolves towards 
a constant relative to the horizon size [32, |3^ • Recently, 
there has also been some progre ss in understanding the 
small scale structure [3l|, l68l - (7l| , see also 72| . Here one 



of the most important questions is: what is the typical 
size at which loops are produced from long string. There 
has been large disagreement in the literature with esti- 
mates differing by over fifty orders of magnitude. This 
is an important question and further investigation is re- 
quired. Another very important question which is also 
related to the previous one is: what is the importance 
of gravitational backreaction on the evolution of cosmic 
strings, see also below. 



can be important for even order of magnitude estimates 
|78j , and developing the necessary tools that enable one 
to study this problem systematically has been one of 
the main purposes of the present article. 

Furthermore, and most importantly, it has been 
suggested |78l - [8G | that gravitational backreaction sets 
the scale for the smallest relevant structures in cosmic 
string evolution, as well as the long sought-after loop 
production scale. It is therefore of vital importance to 
understand gravitational backreaction and develop the 
necessary tools where such questions can be addressed 
most naturally - in pcrturbative string theory backre- 
action effects can be taken into account very naturally, 
as first pointed out in 81 1. 



D. Massive Radiation 

Apart from the possibility of gravitational back- 
reaction playing a significant role in string evolution, a 
string theory computation is also required when there is 
the possibility of massive closed string states being emit- 
ted - this might be expected to occur close to cusps and 
kinks and this massive radiation would presumably be 
invi sible or difficult to calculate in the effective field the- 
ory [l85|. That massive radiation may dominate over 
gravitational radiation was suggested in [S^, [Sj], and 
this was motivated by the observation that loops seemed 
to be produced at the smallest scales, see also [sil |85|. 
namely at the numerical simulation cutoff scale which 
is identified with the string width, although their con- 
clusions relied on extrapolation of numerical results be- 
yond the region of validity. There have also been some 
interesting results on massive radiation in a quantum- 
mechanical setup in the case of mass eigenstate vertex 
operators, see [8g| and references therein. Whether a 
significant amount of massive radiation is emitted is cer- 
tainly still an open question - this can be addressed in 
the vertex operator construction of the current article 
which is expected to provide a definite answer to this 
question. If one is interested in the emission of arbitrar- 
ily massive radiation one may proceed along the lines 

of [5i,[53,[5i463. 



C. Gravitational Radiation and Backreaction 

Cusps are generic in loops [73| and are expected to 
lead to very strong gravitational wave signals [7J, [75| , 
although the presence of extra dimensions is likely to 
weaken the detected signal [76|. Cusps on strings with 
junctions have also been argued to be generic in [65|. 
Recent evidence [731 suggests that kinks on strings with 
junctions also provide a very strong gravitational wave 
signal ~ the signal from kinks on string loops with junc- 
tions is found to be stronger than the signal due to 
cusps. It is very important to test the robustness of 
all these computations to gravitational backreaction ef- 
fects. In fact, it is likely that gravitational backreaction 



E. Observational Signatures 

Signals that have been confirmed to arise from cos- 
mic string sources have to date not yet been detected. 
There is a wide range of constraints from gravitational 
waves [TJ, UM, l87l - l92| (classical gravitational wave emis- 
sion from loops and infinite strings has been computed 
in m [93 and ,70, 80, 95, 9^ respectively and from 



strings with junctions in [97 
ing from strings w ithout [98 



strong and weak lens - 
[loH (but see also [lol) 



and with [l04Tl06t junctions, and the CMB [92l.lTo7 
[llj|. Future missions searching for a polarization B- 
mode in the CMB will provide even stronger constraints 



[70, Ill5l4ll8 [. Signals from cosmic stri ngs may also 
show up in ultrahigh-energy cosmic rays J119l . ll2Cll | , ra- 
dio wave bu rsts |l2l| . and also diffuse X- and 7-ray 
backgrounds [l2Cl| . There is also the potential to o btain 
constraints on the underlying compactifications |122| . 
Even though cosmic strings can only account for a small 
contribution to the CMB power spectrum, they could 
instead be a significant source of its non-Gaussianities 
and are expected to dominate over inflationary pertur- 
bations at small angular scales, see [40| and references 
therein. 



F. Vertex Operators as Cosmic Strings 

Given the inherently quantum-mechanical nature 
of fundamental cosmic strings, the only available han- 
dle on such macroscopic objects at present that is ca- 
pable of accounting for the evolution on the smallest as 
well as l arges t scales is given in terms of vertex opera- 
tors [IJ, Il23| which completely characterize the string 
under consideration. For example, a vertex operator 
description would be required for cosmic string configu- 
rations involving a string theory analogue of cusps (i.e. 
points on the string that reach the speed of light at 
discrete instants during the loop's motion) and kinks, 
as presumably the effective field theory or classical de- 
scription would break down close to these points. 

With a vertex operator construction of cosmic 
strings one can address various questions, such as what 
is the decay rate of a given cosmic string configura- 
tion, the intercommutation and reconnection probabili- 
ties, junction decay rates, emission of massless and mas- 
sive radiation and so on. The already existin g q uantum 
decay rate computations carried out in [5J, [Sj, ISSi-rolj 
for instance make use of mass eigenstate vertex oper- 
ators (with only first harmonics excited) and it is not 
known at this point whether these are appropriate for 
the description of cosmic strings. In [531 for instance it 
was concluded that the spectrum of a particular mass 
eigenstate does not reproduce the classical gravitational 
wave spectrum, and one might expect this to be the case 
also for general mass eigenstates. 

It is likely that cosmic strings being macroscopic 
and massive should have a classical interpretation. If 
this is the case, the appropriate vertex operators are 
expected to have coherent state-like properties (from 
our experience with standard harmonic oscillator coher- 
ent states), and so we should be searching for coherent 
state vertex operators, which would be expected to have 
a classical interpretation. The analogous computations 
as the ones described above with coherent states instead 
of mass eigenstates would be more desirable and would 
probably represent a much more realistic description of 
cosmic strings. 

A quantum-mechanical approach to computing the 
decay process for macroscopic and realistic cosmic 
string loops is highly desirable as we must also check 



the usual assumption that the process is classical. Fur- 
thermore, the classical computation is not well under- 
stood, as calculations based on field theory and the 
Nambu-Goto approximation differ, and gravitational 
back-reaction is not taken into account. Back- reaction 
can be included very naturally in perturbative string 
theory. 

Finally let us mention that it is very important to 
find tests which distinguish fundamental strings from 
solitonic strings; a major difference is the quantum na- 
ture of F-strings (which for instance leads to a reduced 
probability fo r the reconnection of intersecting strings 
|48| . see also [124| | for an alternative approach). Thus 
it seems that string theory computations will certainly 
be required in order to distinguish fundamental from 
solitonic strings in experiments. 



G. Classicality of Cosmic Strings 

Let us now say a few words concerning the classi- 
cality of quantum-mechanical string vertex operators. 
Consider first mass eigenstates. These are specified 
by certain quantum numbers, the relevant one here 
being the level number N , and a necessary (but not 
sufficient) condition for classicality is that these take 
large values. This dates back to Niels Bohr who used 
this argument when he postulated that any quantum- 
mechanical system should satisfy the correspondence 
principle. Typically the quantum numbers of interest 
in a given quantum system appear in the combination 
{Nh) thus showing that the classical limit /i — ?> is 
related to the large quantum number limit N ^ 00 
with the combination Nh held fixed. For example, 
this can be seen in the energy spectrum of the hydro- 
gen atom. En ~ const. /(A^?i)^, the harmonic oscil lator , 
En ^ conat.{Nli), and also the string spectrum jl86| . 
En ^ const. y^{Nh). Vertex operators present in the 
large quantum number limit may in some sense there- 
fore be referred to as being quasi-classical. The extent 
to which mass eigenstates can hav e a cl assical interpre- 
tation is not well understood. In jl25l | for example, it 
was shown that mass eigenstates are not truly classical 
in the sense that they are not expected to have classi- 
cal expectation values with small uncertainties, and [59| 
one does not expect the spectrum of gravitational radia- 
tion to match the classical computation - whether mass 
eigenstates can have a classical interpretation or not is 
a very important issue and deserves further attention. 

Coherent states on the other hand can (as we show 
below) easily be made macroscopic and are expected 
to possess classical expectation values with small un- 
certainties, e.g. {Jt'") = J^7, {Xt') = X^^, (with J^"' 
the spacetime angular momentum and X'' the target 
space map of the worldsheet into spacetime). It is 
likely that coherent states therefore should be identified 
with fundamental cosmic strings. There are subtleties 
however concerning the naive classicality requirement 



{X^) = X^ (with X^j non-trivially obeying the clas- 
sical equations of motion, ddX^^ = 0) and it turns 
out |l25| that this requirement (in the closed string 
case) is not compatible with the Virasoro constraints 
(when states are invariant under spacelike worldsheet 
rigid translations). Suffice it to say here that this is a 
gauge problem and says nothing about the classicality 
of the underlying states. We elaborate on this in detail 
later where we also propose a solution: an alternative 
to the {X^) = X^j classicality condition which is com- 
patible with the string symmetries. We will also see 
that it is possible for closed string (coherent) states to 
satisfy (X^) = X^^ in lightcone gauge when the under- 
lying spacetime manifold is compactified in a lightlike 
direction, X~ ~ X" + 2ttR~, with X'^ non-compact, 
because this compactification breaks the invariance un- 
der spacelike worldsheet shifts. 



H. Vertex Operator Constructions 

Various prescriptions have been given for the con- 
struction of covariant vertex operators, e.g. the con- 
structio n due to Del Giudicc, Di Vecchia and Fubini 
(DDF) p^6l - [T29J but see also fl30>. t he path integral 
constru ction bas ed on symmetry J13ll4l33l | a nd factor- 
ization |l34l - ll36J | and operator constructions jl37l Il38l | 
among others. A powerful method which applies in gen- 
eral backgrounds is given in [l39l |. (although explicit 
results for high mass states are seemingly rather dif- 
ficult to obtain in more general backgrounds, sec also 
[l40l Il4lj ) . To carry out the map from classical solu- 
tions to covariant vertex operators we shall make use 
of the DDF construction. The power of the DDF con- 
struction lies in the following: it generates the entire 
physical Fock space, and it can be used to translate 
light-cone gauge states into the corresponding covari- 
ant vertex operators, whe re the sta ndard technology for 
amplitude computations jl23l Il42| can be used. This is 
clearly very useful indeed given that in the construction 
of vertex operators for cosmic strings we would like to 
know what the corresponding classical state is, but ex- 
plicit general classical solutions are best understood in 
lightcone (not covariant) gauge - the DDF construc- 
tion provides the appropriate bridge between classical 
lightcone gauge string solutions and covariant vertex 
operators. 

Using these tools, in the current article we con- 
struct of a complete set of covariant vertex operators, 
i.e. vertices for arbitrarily massive (closed and open) 
strings, for both mass eigenstates and open and closed 
string coherent states. We also discuss the correspond- 
ing lightcone gauge realization and provide an explicit 
map from these to general classical (lightcone gauge) 
solutions. We restrict our attention to bosonic string 
theory and it is likely that all results generalize to the 
superstring. 



I. Outline 

Scc.|TT]is mainly a review and is intended to provide 
the link between vertex operators and observable quan- 
tities, by making precise the link between the string 
path integral and S'-matrix elements. We discuss in 
particular the normalization of vertex operators that 
is appropriate for scattering amplitude computations, 
in the sense that a string path integral with such ver- 
tex operator insertions can be directly interpreted as a 
dimensionless S'-matrix element. We also discuss tree 
level S'-matrix unitarity and present some useful light- 
cone coordinate results that are used throughout the 
rest of the article. 

In Sec. mil we discuss the construction of a com- 
plete set of normal ordered mass eigenstate vertex op- 
erators using the DDF formalism, which can be used 
to translate light-cone gauge states into fully covariant 
vertex operators. The Virasoro constraints are solved 
completely and the resulting covariant vertex operators 
are physical for arbitrary polarization tensors that cor- 
respond to irreducible representations of SO(25). In the 
process we show that all covariant vertex operators can 
naturally be written in terms of elementary Schur poly- 
nomials. 

In Sec. II VI we show that the construction of physi- 
cal covariant coherent states becomes clear in the DDF 
formalism. We construct both open and closed co- 
herent states. These fundamental string states are 
macroscopic and have a classical interpretation, in the 
sense that expectation values are non-trivially consis- 
tent with the classical equations of motion and con- 
straints. We present an explicit map which relates three 
classically equivalent descriptions: arbitrary solutions 
to the equations of motion, the corresponding lightcone 
gauge coherent states, the corresponding covariant co- 
herent states. We gain further evidence supporting this 
equivalence by showing that all spacetime components 
of the angular momenta in all three descriptions are 
identical. We suggest that these quantum states should 
be identified with fundamental cosmic strings. 

The work considered in this article has immediate 
applications to cosmic strings but the considerations are 
more general and may serve to capture a wide range of 
phenomena where massive string vertex operators are 
relevant. 

A short summary of the closed string coher ent s tate 
section can be found in the companion article [143|. 



II. STRING S-MATRIX, UNITARITY AND 
NORMALIZATION: A BRIEF REVIEW 

Before moving on the discuss the general DDF con- 
struction of vertex operators it will be useful to elabo- 
rate on the precise connection of vertex operators to 
the string S'-matrix, as this will in turn enable us to 
normalize vertex operators correctly, i.e. in such a way 



that the resulting S'-matrix elements are uni tary . We 
will follow the general approach of [HI [ml, [iM [m^ 
although the reasoning here will be largely independent 
of these references and self-contained. We will concen- 
trate on mass eigenstates, although these results will go 
through essentially untouched in the case of coherent 
states (Sec. IIV|) as well. 



A. S'-Matrix = Path Integral 

Our objective is to use a normalization for vertex 
operators that is appropriate for scattering amplitude 
computations, and so we first discuss the precise rela- 
tion between the string path integral and the S'-matrix. 

The proper way of constructing a scattering exper- 
iment is to first construct vertex operator wave pack- 
ets for the external string states of interest and then 
normalize each one of them to "one string in the uni- 
verse" , in direct analogy to the corresponding field the- 
ory prescription. Rather than use wavepackets, we may 
also use momentum eigenstates instead, in which case 
(due to the uncertainty principle, the infinite spacetime 
spread of momentum eigenstates) we need to truncate 
the volume of spacetime at, say, V^-i, the case of inter- 
est for the bosonic string being d = 26 and for t he su - 
pcrstring d — 10. According to standard practice |l45| . 
we hence identify momentum delta-functions with vol- 
ume elements and energy delta functions with the time, 
T, during which the interaction is "turned on" , 



{2n)S{E' -E)=T. 



(1) 



By putting the system in a box of size V^-i, the ver- 
tex operator normalization condition is changed from 
"one s tring in the universe" to "one string in volume 
Vd-i" [l46l |. Of course, physical observables (cross sec- 
tions, decay rates, etc. . . ) should not depend on Vd-i, 
although we formally think of taking V^-i — > oo at the 
end of the computation. 

The "one string in volume V^-i" normalization 
prescription leads to an S'-matrix such that if an initial 
state of a system is denoted by |i), the final state will be 
a superposition, ^ . |/)(/|S|i). Therefore, |S/ip, with 
Sfi = (/|S|i), is interpreted as a transition probability 
associated to going from \i) to |/), 



Prob(/ 



= \S 



f^\ 



(2) 



Conservation of probability, equivalently S-matrix uni- 
tarity, requires that, 

S^S==1. 

In particular, in terms of Sfi, unitarity corresponds to 
the statement: 

XI ^if^ni ^ 6f„ or X 5'/„S|„ = Sfi, (3) 



with Sfi a Kronecker delta; working in the Heiscnbcrg 
picture, Sfi = (/|z). Setting / = z it is seen that unitar- 
ity enforces conservation of probability, J2f I'^'/iP = 1- 
To make the connection with the string path in- 
tegral, it is conventional and convenient to define a T- 
matrix which contains the non-trivial contribution to 
the S-matrix, S = 1 4- iT. Taking matrix elements of 
both sides and extracting the momentum and energy 
conserving delta functions leads to, 

Sf, = Sf, + z{27TfS^{Pf~P,)Tf,. (4) 

In terms of Tfi the unitarity constraint (jH]) reads. 



^/' - 4 = *E(2^)''^'(^" - ^ot:I;T„ 



(5) 



with Pi or Pf the total momentum associated to the in 
or out states respectively. With these conventions, the 
S-matrix is given directly by the string path integral, 

oo „ 

(/|(S - l)|z) = X / VgVXe-^^3:X]y{i) yiN) 

= i{2n)''S''{Pf P,)Tf,. 

(6) 
where we sum over the genus h of Riemann surfaces. It 
is to be understood that the integrals are over a single 
gauge slice, i.e. over all worldshcet embeddings, £, into 
spacetime and over all worldsheet metrics (or moduli 
space Mh), such that no two configurations in the inte- 
gration domain are related by a symmetry. Appropriate 
integrations over worldsheet insertions are also implic- 
itly included, as are the corresponding Fadeev-Popov 
determinants. 

To interpret the sum over final states in (jH]) or ([S|), 
note that the number of "one string in volume Vd„i" 
states in a momentum space volume clement, (f^^^p, is: 



Jd-l. 



Vd-1 



(27r) 



d-l ■ 



(7) 



because this is the number of sets {ni,n2, ■ ■ ■ ,nd~i} 
(with Uj G Z) for which the momentum 



2tt 
P = — (ni,n2,...,n<i-i). 



with 



Vd-i 



rd-l 



lies in the momentum space volume d'^~^p around p. If 
there are additional discrete/continuous quantum num- 
bers that label the states under consideration, we would 
have to sum/integrate over these. For example, in the 
case of coherent states, as we shall see, we would have 
to inclu de a (dimensionless) integral over polarization 
tensors [l87J |. In particular, there will in general be 
a number of kinematically allowed channels and so we 
should also include a sum over a complete set of states 
- we use the compact notation, ^, to denote a sum over 
states and the associated quantum numbers, so that the 



sum over one-particle states in the final state will be de- 
noted by: 



tachyon will t here fore be that of a scalar field with mass 



E™^^'^-i/(^ 



Both sides of this equation are dimensionless. In rel- 
ativistic scattering experiments there is also the possi- 
bility that the number of strings in the initial and final 
states is different. Thus, we require the corresponding 
phase space of multi-particle free states, which will be 
a sum over products of the single string phase space. 



oo Nf 

E-En 

/ Nf=aa=l 



Vd-: 



Jd-l 



Pa 



(27r 



\d-l 



(9) 



with a labeling the string whose phase space we are sum- 
ming/integrating over, and d is the dimensionality of 
spacetime in which the strings are allowed to propagate 
in {d < 26 or 10 for the bosonic or superstring theory). 
The phase space sums ([8]) or ([9]) are not Lorentz invari- 
ant, but of course Lorentz invariance will be restored 
in physically observable quantities. This is the price of 
wanting to construct dimensionless S'-matrix elements, 
Sfi, that can be directly interpreted as probabilities. 



B. Vertex Operator Normalization 

The normalization of the path integral (or S'- 
matrix) and the normalization of vertex operators is 
completely determined in terms of the normalization of 
a single vertex operator by the unitarity constraint ([S]) 
and the identification (jG)). The normalization of this 
single vertex operator can in turn be fixed by the "one 
string in the universe" normalization condition, by mak- 
ing contact with the corresponding field theory, and we 
describe this next. 

A useful quantity to consider in bosonic string the- 
ory is the tachyon vertex operator, because it is the 
basic building block of higher mass vertex operators. 
Working in the flat Minkowski background, 

G^,iX)^r]^,, Bf,4X)^0, and $(X) - ($), 

with (<f>) a constant, the tachyon vertex operator reads, 

Viz,z)=Afe'P-^^'-''\ (10) 

We shall eventually relate the normalization of the 
tachyon to the normalization of all other vertex opera- 
tors. 

To compute the normalization constant A/", we no- 
tice that V satisfies the equation of motion. 



i-'-^y 



with the derivative taken with respect to the zero mode 
x'^. The low energy field theory corresponding to the 



TO^ = -4/a' [13: 



(8) S[V] 



[a'Y 



. /■rf''.^e-2<*>(^(VF)2 + lmV2+...), 



(11) 

where we have taken into account the fact that the dila- 
ton (even if it is co nstant in this case) couples univer- 
sally as shown jl39l | , and we ignore all interaction terms 
because we are interested in the case when the string 
under consideration is asymptotically free and onshell, 
as required by conformal invariance |l3l| . We have 
found it convenient to include an appropriate power 
of a' (with [a'] = L^) such that V is dimensionless, 
\V] — 1. (This will ensure that the S'-matrix is dimen- 
sionless independently of the number of vertex opera- 
tors.) Furthermore, an overall dimensionless constant 
in S\V] is immaterial because it can be absorbed into a 
shift in ($). 

As discussed above, the overall normalization of the 
S-matrix and of all vertex operators other than, say, the 
tachyon are fixed by unitarity. Unitarity will thus relate 
the normalization of all vertex operators to that of the 
tachyon. It is convenient to define: 



5c^eW(a')^ 



and 



.g.s^eW. 



(12) 



Now, the "one string in Vrf_i" constraint can be 
solved by requiring that the total energy, H, in vol- 
ume Vd-i is that of a single string, p^ = -^/p^ + m? 
(with m^ = —4/a'). We plug the plane wave so- 
lution, V{x) = Ne'P-'' + AA*e-*P-^, into the Hamil- 
tonian associated to pTj) . which is given by H{t) = 
j-^^_^d''-^x[{d,V)^^^ - ^] (with S[V] = Jdt^), 
and make the link with the string theory vertex opera- 
tor by identifying Af here with the Af in (fTO| . It follows 
that, H{t) = |A/'p2(p°)2V'rf_ig-2, implying that there 
will be one string in volume V^-i if: 



Hit) 



1, or, equivalently. A/" 



9c 



(13) 
That is, the "one string in volume V^-i" -normalized 
tachyon vertex operator is. 



V{z,z) = 



^JWVd- 



Jp-X{z 



(14) 



with E = y/p^ + rn^ (and 



-4/a'). Ahhough 



we will not prove this here, it is not too hard to show 
that this is precisely the normalization required by: (i) 
Lorentz invariance of the unitarity constraint of the S- 
matrix; (ii) Lorentz invariance of the scattering cross 
section; (iii) the requirement that S-matrix elements, 
Sfi, be dimensionless, so as to interpret |S/ip as a prob- 
ability, as in ^. 

Notice now that the normalization of the tachyon 
vertex is such that the most singular term in the oper- 



ator product expansion is, 



y(z,z)- 1/(0,0) 



1 



2EVd-iJ\z\^ 



(15) 



This suggests that we may be able to normahze arbitrar- 
ily massive bosonic string vertex operators by requiring 
that (fT5|) is satisfied. This is indeed the case, and it 
can be shown (ahhough wc shall not do so here) that 
this statement is compatible with unitarity ([5]). Notice 
that the normalization condition (J15p ensures that ver- 
tex operators are dimensionless. 



C. ^-Matrix Unitarity and Factorization 



with Tfi defined in (|4]) . When vertex operators are nor- 
malized according to (|16p . the path integral yields in- 
stead, 



ti27rfS''{Pf-P,)Mil,...,N) 

CXD „ 

= ^ / VgVXe-''^s,x]y(i) yiN)^ 

(18) 
and so according to ^ and ([T7|) we need to divide ([T^ 
by th e factors y/2EiVd-i ... to get an 5-matrix clement 



It is often more convenient t o wo rk with vertex 
operators normalized according to |l88l |. 



9c 



F(z,z).F(0,0)-f^ + 



(16) 



instead of (1151) . Starting from the original normalization 



([T5|) . we extract the factors of 1/ y/2EVd-i out of every 
vertex operator and, for N asymptotic states in total, 
define Ai{l, ■ . ■ , N) according to. 



r/,EET(i,...,7V) 



M{1,...,N) 



^2EiVd-i . . . ^2ENVd-i 



, (17) 



Sf.,^Sf.+zi2n)'5'\Pf~P) 
M{1,...,N) 



^2EiVd-i . . . ^2ENVd-i 



(19) 



In terms of A^(l, . . . , N), the unitarity constraint ([5|) in 
the case where the intermediate strings in the sum over 
states are single string states then reads: 



Mil,...,N)-M*{h...,N)=^^|^-^^^{27Tr5'{pa~P.)Mil,...,a)M*{~a,...,N), 



(20) 



r 



with the sum/integral being over a complete set of 
states, written symbolically as a, and their associated 
quantum numbers. There is an obvious generalization 
for multi-string intermediate states. (Because of world- 
sheet duality it is also necessary to sum over both (say) 
s- and i-channel contributions in the case of A^ = 4, 
and their natural generalizations for N > 4.) It is thus 
clear that the volume factors have cancelled out and 
the factors of \/2Ei have combined to make the unitar- 
ity constraint (|20p Lorentz invariant. Thus, the factors 
\J2Ei in the vertex operator normalizations are required 
for Lorentz invariance when the corresponding quanti- 
ties A^(l, . . . , iV) are Lorentz invariant, which is indeed 



the case in string theory; recall that 



is the 



(27r)'i-i 2Sp 

Lorentz invariant phase space, with E^ 

Using /^(27r)<5(p2+™2)^(pO) ^ ^g^_ 

2'KiS[x) — j^.„ — -^rn^ it is an elementary exercise 
to show that tree level unitarity (|20|) is guaranteed if 



^ and 



the following factorization formula holds true, 

zX(l,...,iV) = 



t 



iM.{\,. . .,a) 



-iQikl) 



kl + ml- iO 



iM*{-a,...,N), 



and 



M{l,...,a)M*{-a,...,N) 

= [X(l,...,a)X*(-a,...,iV)]" 



(21) 
(22) 



This last condition is true for A^ ~ 4, given that 
A^(l,2,a)A^*(— a, 3,4) is indeed real for string ampli- 
tudes, but is not in general true for N > A. Notice 
that 

-ie{k^) 



fc^ + -m? — iO' 



is the propagator (in the ( — h + . . . ) signature) for a 
scalar particle of mass m? with the correct analytic con- 



tinuation for a Minkowski process. Given the normal- 
ization of the tachyon, the formula (|2ip can be used 
to derive the normalization of the tree level S'-matrix 
and of all other vertex o perat ors. (Some examples can 
be found in Polchinski [HI], where i{2nf^S^^{Pf - 
POM(l,...,A^)hcrc = 5(l,...,iV)there and g'^- = 
^there .^^j^gj^ f^]^Q dilatou expectation value in ([T2l) has 
been shifted appropriately.) 



D. Lightcone Coordinates 



"one string in volume Vd-i" -normalized tachyon vertex 
operator in lightcone coordinates is, 



V{z, z) = ^^ ^w-xizrz) 



(27) 



This normalization is such that the most singular term 
in the operator product expansion is. 



T/(z,z).F(0,0) 



2p+Vd-iJ\z\^ 



+ 



(28) 



It is sometimes more convenient (especially in the 
case of coherent states) to use lightcone coordinates, 
{p±,p*} withi = l,...,d-2 andp± = ^(p"±/-i). 
In lightcone coordinates, ([1]) is replaced by: 



(2^)5(p±'-p±)^F^, 



(23) 



and, in direct analogy to the above, this normalization 
can b e use d for arbitrarily massive bosonic vertex oper- 
ators [T90t . 

Again, as discussed above, see (IT51) . it is sometimes 
more convenient to work with vertex operators normal- 
ized according to, 



(2^)''-^<5''-^(p'-p) = 14_2. 
The momentum phase space analogous to ([7]) is: 



l^(z,z).y(0,0)-f% + .... 



(29) 



Vd- 



with Vd 1 = Vrf yV (24) instead of (^5)) . From (^51) . this implies that we should 



(27r)'i-i 27r 

For the sum over single string states ([5]) we thus have, 

d'^-^p f^ dp+ 



^^t 



1-2 (27r)''-i 7o 27r 



(25) 



and similarly for the multi-string case (jH]). We next need 
the statements analogous to (|14p and more generally 
P^ in the case of hghtcone gauge coordinates. 

In direct analogy with the procedure described 
in the paragraph containing (|14p . we compute 
the lightcone coordinate Hamiltonian associated to 
the action ([TT|) . which is given by H{x~^) = 
Jd'^-^xdx-[{d+V)-g^^-^] (with S[V] ^Jdx+^), 
and enforce the "one string in volume Vrf_i" con- 
straint by truncating the region of integration in H{x^) 
to Vd-i and requiring that H{x^)/p^ = 1. Here 
P~ 



2iT(P^ 



2p 



n ), is the tachyon onshell condition 
which yields the lightcone energy associated to a single 
tachyon (here m^ = —4/ a'). Plugging the plane wave 
solution, V{x) = TVe'P'^ -|-7V*e"*P'^, into the Hamilto- 
nian H{x~^) and requiring that there is one string in 
volume Vd-i, i.e. H{x^)/p~ = 1, thus determines A/", 



M = 



V^pn^- 



(26) 



We make the link with the string theory vertex operator 
by identifying this J\f with that found in pUj) . so that the 



extract the factors of l/-\/2p+Vd_i out of every vertex 
operator and, as in (|17p . for N asymptotic states in 
total define: 



Tf,^Til,...,N) 



M{l,...,N) 



2p+Vd-i...j2p+Vd-i 



(30) 



As in ()18p . when vertex operators are normalized ac- 
cording to (|29p . the path integral yields, 



t{27r)^S^{Pf-P,)M{l,...,N) 



(31) 
but now we need to divide (jlSp by the factors 



2pi Vd-i . . . y 2pJjVd-i to get an 5-matrix element, 
and in particular. 



Sf.,^5f, + ^i27TrS'iPf-P,) 



M{l,...,N) 



2p+Vd-i...^2pJ,Vd-i 
(32) 

The unitarity statement analogous to (PH)) in light- 
cone coordinates can be derived directly from ((20| since 
(pn|) is Lorentz invariant, or it can be derived from ([S]) 
and (Uni)- It reads. 
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'^<'-"'-^-<' ''^-'tL^l 



r°° dp+ 1 
2n 2p+ 

I 



i27rfS^{Pa - P^)M{l, ..., a)M*{^a, ...,N), 



(33) 



and the result is (as above) independent of the volume 
Vd-i- To see this let us consider the relativistic phase 
space integral, / -S^ {2ii)5{k'^ + m?)9{k^) (which as 

mentioned above is equivalent to / /27r)'^'^i 2S~) ^'^^^ 
19ll | m^ = 2N — 2. In lightcone coordinates (where 
dk~ A dk^ = dk^ A dk'^"^), let us redefine the integra- 
tion variable (with i = 1, . . . , 24): 



N 



k+ 



k' 



(34) 



This removes the A^-dependence from the (5-function, 
S{P + 2N -2) = 6{p^ - 2), and dk- A dk+ = dp- A 
dp'^ . Ignoring the tachyon, so that 9(kP) = 6'(p+), the 
Lorcntz invariant phase space now reads, 



d'^k 
{2'kY 



(27r)(5(fc2 + 27V - 2)6l(fc") = 



d'^p 



(2^) 



^ {2^)5{p' 2)9ip+) 



(35) 



jd-2. 



i-2 (27r) 



d-2 



dp-* 



27r 2p^^ 



where we have integrated out p , so that p = 
2) . the tachyon onshell condition. Therefore, 



2p 



^(P^ 



Jd-ll 



1 



(27r)'^-i 2Sk 



jd-2^ 



i-2 (27r 



\d-2 



dp+ 1 

"27r V 



where it is understood that the integrands are taken 
onshell; the aforementioned unitarity statement p3p is 
proven. 



At tree level, the factors of e^*^ (in gc in each of the 
two vertex operators in e.g. (l/jJ^'^jF) and the Euler 
characteristic e"-^*-^-*^*^ = e^^^*^) cancel. If we then 
normalize the state and expectation values in a rela- 
tivistically invariant manner. 



1^) 



1 



= |0,0;p). 



V^EpVd-i (38) 

(0,0;p'|0,0;p) = 2i?p(2^)'^-i<5'^-i(p'~p), 

then, according to ([1]), such states have unit norm, 

{V\V) = 1. 

The dimensionality of gc is precisely that required to 
make the relativistic normalization shown possible. In 
lightcone coordinates we have similarly the following 
relativistic normalization, 



\V)^ 



1 



= |0,0;p). 



V2p+Vd-i 

{0,0;p'\0,0;p) =2p+i27r)S(p+' -p+) 
X (27r)'^-2^'*-2^p/_p)^ 



(39) 



As we shall elaborate on extensively in the follow- 
ing section, higher mass (mass eigen-)states with unit 
norm can be constructed by a cting on the tachyon ver- 
tex with DDF operators f\WL [T27l |. A 
satisfy [A^, A;^] = nS^^Sn+,nfl. 



and A!^, which 



E. Tree Level Operator Statements 

It is sometimes desirable to compute expectation 
values of various operators, such as the angular mo- 
mentum J^", 



{J^"") = {V\J'"'\V) 






(36) 



as this enables one to associate classically computed 
quantities, such as J^j^ that is in one-to-one corre- 
spondence with solutions of dzdgX^ = 0, to quantum- 
mechanical vertex operators that exhibit these classical 
characteristics (in the expectation value sense). It is 
convenient to work in the operator formalism here |192| 
and absorb the a' and e^*^ dependence of V{z, z) into 

|0, 0;p), recall that gc ~ e^*^a'^^, and in particular. 



|0,0;p) ~gc(i 



ip-X{z,z) 



(37) 



1^) 



1 



V2£pT^ 



:Ca..,,...AL„...Ai^...|0,0;p), 



The combinatorial constant C, defined in (|48|) . is chosen 
such that 

{V\V) = 1, 

remains true for arbitrarily massive states. There is a 
similar result in lightcone coordinates with 2p'^Vd-\ re- 
placing 2EVd-i, with the corresponding normalization 
of the tachyonic lightcone vacuum implied as shown in 
(|39p . Furthermore, the corresponding lightcone gauge 
quantities can be obtained by replacing A^^ and A^^ by 
a^ and a^ respectively. Similarly, we will see that the 
closed string covariant coherent states are of the form. 
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<.27r 



1 f f 1 ~i r 1 



'A„,, • A- 



.}|0,0;p), 



(40) 



r 



see (|139p . which again has unit norm, 

{V\V) = 1, 

as do the mass eigenstates. Notice that, as mentioned 
above, for coherent states hghtcone coordinates are 
more convenient. 

Similar results hold for open strings, with go and 
|0;p) replacing Qc and |0, 0;p), both vacua being nor- 
malized in the same manner, as in psp or ([39]) de- 
pending on the choice of coordinates. In addition, in 
the case of open strings left- and right-movers are re- 
lated and hence one can construct states using only, say, 
the holomorphic quantities A\^ or a\^. The closed and 
ope n str ing couplings, Qc and go, are related by unitar- 
ity |l23l |. e.g. by factorizing the annulus diagram on a 
closed string pole; in d = 26, g^ = 2^®7r^^/^a' gc, and 
in our conventions, see (J12p . where gc = e^*'a' , 



.go = 87r3(27ra')V*>/2. 



(41) 



Note that the dimensionality of both g^ and go is the 
same. Below we will consider both open and closed 
string vertex operators in detail. 



III. ARBITRARILY MASSIVE VERTEX 
OPERATORS 



operator is what we wish to extract. The first non- 
trivial statement is that a complete set of vertex opera- 
tors can be obtained from the factorization of a diagram 
with an arbitrary number of massless open string ver- 
tex operator insertions and a vacuum insertion. When 
the vertex operator we wish to extract is an open string 
state the appropriate factorization is shown in Fig. [TJ 

It turns out that (as we shall show) a complete 
set of states can be obtained if the i"' massless photon 
vertex operator has momentum fc^-x = — 7ij;q'' and polar- 
ization tensor ^f < with q^ ~ Q and rii a positive integer. 
All photons therefore approach the vacuum string state 
from the same angle of incidence with momenta that 
are only allowed to differ by some integer multiple of 
a so far arbitrary null vector q^ . Conformal invariance 
enforces the vector g'^ to be transverse to all photon 
polarization tensors, ^(,-^, and this leads to spacetime 
gauge invariance (l47[. The vacuum vertex operator, 
qV-x ^ which absorbs these photons has momentum p^^ 
and is tachyonic in the bosonic string, p^ = 1/a' . 

Let us now become more explicit. This procedure 
is to be thought of in a step-wize sense: first consider a 
single photon absorbed by an open string vacuum state. 
Vertices produced in this process are then given by the 
residue of the OPE (operator product expansion) as 
these two initial states approach on the boundary of 
the worldsheet. 



Before we can hope to understand the covariant 
vertex operator description of cosmic strings we must 
first understand how to construct arbitrarily massive 
covariant vertex operators, and this is the question we 
address in the present section. We base our exposition 
on the general (yet prac tical ) app roach of Del Giudicc, 
Di Vecchia and Fubin i Il26l Il27| (h enceforth referred 
to as DDF), see also J128l - ll30l ll4"7l|. although we will 
adopt a somewhat more modern viewpoint. 

The geometrical string picture underlying the DDF 
vertex operator construction is as follows. Arbitrary 
vertex operators can be extracted from a certain factor- 
ization of an n-point scattering amplitude. The setup 
we have in mind is the following: a string in its vacuum 
state absorbs some number of massless excitations, re- 
sulting in an excited state - the resulting excited vertex 



K 



(1) 



excited 



{w) 



"'^l ^massloss 



.(1) 



(^l) ■ Vg,.ound(';«) 
state 



The resulting state, V^xcited('"^) ^^^ momentum (p — 
TiiqY'' with Til a positive integer of our choice. 

Kxcitcd('"^) ^^ t^®'^ brought close to an additional pho- 
ton, V^assioss('^)' ^^^ residue of this OPE now giving rise 
to a new state, 



K,xcited(^) = / ^^2 ^i,lle.s(^2) • ^ 
J w 



^'^ iw) 

excited V"'^ 



with momentum ij) — riiq — 712(7)^ and so on. Carrying 
this out r times gives rise to a general vertex operator. 



J 



K 



(r) 



excited 



{w) 



dZr K 



('■) 



massless 



(Zr). 



^^2V;ilLless(22) 



dziV 



(1) 



massless 



(Zl) • Vground(w), 
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v: 
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K 



(r-l) 
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K 




(r) 
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v^ 



(r) 



massless 



FIG. 1: The DDF construction of a complete set of open string physical covariant vertex operators. 



where it is to be understood that the rightmost integrals 
are carried out first so as to respect the order with which 
the photons are absorbed by the vacuum. To ensure 
that the internal strings (see Fig. [1]) are onshell we must 
require that (p - Nqf = (1 - N)/a' for iV = E* ^^^ 
which will be satisfied provided: 

p-q = ll{2a'). 

The choice of integers {ni,ri2, . . . ,7T.r} determines the 
mass level N of the vertex operator of the final state and 
(j) — Nq)'^ is the corresponding momentum of this ex- 
cited state. Defining Aj, = y^/ 5z5^X^(z)e™«'^(^\ 
the above state can be equivalently written as, 

9o 



K 



(r) 



excited 



H = 



V2pn^. 



ce. 



d-1 



■ 4* 



.AL 



Jp-X{-b 



Therefore, we reach the important conclusion that co- 
variant vertex operators extracted via factorization of a 
scattering amplitude with photons and a ground state 
tachyon form a complete set. A rather non-trivial state- 
ment is that V{w) has the same mass and angular mo- 
menta as |T^)ic (we prove this later for arbitrary co- 
herent states), and we take this correspondence further 
and conjecture that V{w) and |l^)ic also share identical 
interactions. 

Note that the above construction is covariant [l30j | , 
although not manifestly so: even though the ^f-, do 
not contain any timelike directions (as is also the case 
for the lightcone gauge states) the resulting polariza- 
tion tensors (^f^'^--- potentially have all components non- 
vanishing, thus restoring manifest covariance - we shall 
prove this with some examples below. We have not 
(42) enforced any constraint, e.g. X^ oc r, on the target 



factor of ■ 



space coordinates in the vertex operator Vlw), and so 

the path integral with vertex insertions V^w) includes 

that we computed (by the 'one string a measure /^ VX° . . . VX^^ei ^[^1 . Making covariance 



with C a to-be-determined normalization constant and 
formally write ^'"' " = <^n ^C(^^ We have included the 



in volume Vd-i' condition) in Sec. Illlthat ensures that 
S-matrix elements transform correctly under Lorentz 
transformations. Recall from above, see (HU, that we 
denote the open string coupling by go- 

The Ajj are the so called DDF operators [l26l[T27t . 
After carrying out the contour integrals the resulting 

vertex operator, V{w) = V'oxcitcd('"^)' ^^^^ ^e composed 
of a linear superposition of normal ordered terms of 
the form Q^^'^-d'^Xd'^X . . . with an overall factor of 
^i(p-Nq)-x{z) (^g ^YlsW compute these exphcitly). The 
polarization tensors ^^'^■■- will be composed of the quan- 
tities, C"*'": P^^ and g^. There is clearly a one-to- 
one correspondence between vertex operators V{'w) and 
lightcone gauge states. 



l^>lc = 



V/2P+Vrf_; 



:C'a..,«-„, ■••«'-« JO; p""^?') 



manifest is of course not required in order to plug such 
vertices into covariant path integrals. The correspon- 
dence with the lightcone gauge states suggests also the 
following: the quantity ^'■'■■' that appears in the covari- 
ant vertex operators are to be identified with tensors 
corresponding to irreducible representations of SO(25), 
the little group of SO(25,l) for massive state s: th at is, 
^'-'■■- have the symmetries of Young tableaux |l48l |. 

A good consistency check is the following. Given 
that the DDF operators are integrals of photon vertex 
operators, i.e. integrals of (1,0) conformal primary op- 
erators, they must be gauge invariant: [i„,A^J — 0. 
Therefore, V{w) must satisfy the Virasoro constraints: 
the operator L„>o will commute through to hit the 
vacuum, e*^'''^, which will be annihilated if it is phys- 
ical, i.e. if p^ = 1/a'. The io operator similarly 
commutes through to hit the vacuum and given that 



Lo ■ e 



ip-X 



e^P'-^ , the full vertex operator V{w) satis- 



with C" an a priori different normalization constant to 
C. It is determined by the condition (T^|V^)ic = 1 and, 
writing |0;p) = \0]p+,p'), 

{0;p'\0;p) ^2p+{2n)6{p+' -p+)i27:f--'5^~-\p' ~p). 



fies the Virasoro constraints automatically: 



Lo ■ Viw) = Viw), 



and 



Ln>o ■ Viw) ^ 0. 



In direct analogy to the lightcone gauge st ates, the ver- 
tices Viw) are transverse to null states |l28{ as one 
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would expect given the underlying geometrical string 
picture on which the construction is based. 

For the construction of closed string vertex opera- 
tors it turns out that the naive expression, namely, 



V{z,z) = 



9c 



v/2^nv 



■Ci. 



^ ^-ni^-n-2 



ij ...^kl... 



A" A'' 



Jp-X{z,z) 



(43) 



with the DDF operators ^^ and A!^ defined in ([SO]) , is 
also the correct expression. The lightcone gauge real- 
ization of this state is the expression |l28L Il29l | , 



l^>lc = 






C6. 



,kL 



(44) 






..|0,0;p+,p'). 



We as us ual n eed to introduce the constraint, N = N 
by hand |l93l |. The closed string constraints analogous 
to the open string case are p^ = A/a', p ■ q = 2/a' , 
0^ = and q-£, — 0. The DDF operators commute with 
the Virasoro generators and so P5)) again satisfies the 
Virasoro constraints. The normalization of the vacuum 
is again: 



(0,0;p'|0,0;p) 



2p+(27r)<5(p+' -p+)i27rr-'5'-'ip'-p), 



(45) 



and determine C by the condition (V^|y)ic = 1, see 
Sec. El 

Caution however is needed in interpreting this ex- 
pression as a vertex arising in a scattering experiment 
of massless states and a vacuum (as we did above for 
the open string). If for example, the vacuum and the 
corresponding massless states in a string scattering ex- 
periment are all bulk vertex operators then a com- 
plete set of states would not be generated: e.g., ver- 
tices with an asymmetry corresponding to the lightcone 
gauge states a!_ia'Lia^2bNP''';0;0) could not be gen- 
erated in a closed string scattering experiment of mass- 
less vertices and a tachyon. It is likely that rather ver- 
tex operators ((43l) can instead be created in an open 
string scattering experiment: factorization of a (one 
loop open string) scattering amplitude involving pho- 
tons and a closed string tachyon should give rise to an 
arbitrary closed string vertex operator of the form (|43l) . 
It might be worth mentioning that a closed string scat- 
tering experiment in a lightlike compactificd spacctime, 
X~ ^ X" + 2-11 R" with i?^ = %-q^ ■ of massless vertex 
operators (with lightlike winding) and a tachyon (with- 
out lightlike winding) would generate a complete set of 
vertex operators of the form (|43)) . without the need of 
introducing open string interactions. 

Crucially, the above prescription for extracting ver- 
tex operators results in explicit polarization tensors 
for which there are no additional constraints to be 
solved, which is a common serious drawback of many 
othe r approaches to vertex oper ator constructions, see 



otne r ap proacnes to vertex oper ator constructi 
e.g. [HI [m [ili, [m Higl - flsH among others 



A. Momentum Phase Space 

We now examine a subtlety related to the fact that 
the operators A\^ depend on the momenta g^. The ques- 
tion we want to address here is: when we compute ex- 
pectation values, can different vertex operators be la- 
belled by different null vectors q^^l DDF operators sat- 
isfy an oscillator algebra, [A\^, A^„] = nS"^^ Sn+mfi, which 
is identical to the algebra associated to the a\^ oper- 
ators, [ajj,^:^] = nS'^Hn+mfi- In general, one might 
expect however that different vertex operators should 
be constructed out of DDF operators which in turn are 
defined with different g^ - different choices of q^^ for 
different vertices corresponds to different choices of mo- 
mentum, k^^ = p^^ — Nq^. It would then seem that the 
relevant commutator is [A\,Ai^ ] rather than [^J^, A^„] 
with A\^ a DDF operator constructed out of q' . To ex- 
amine this possibility, let us analyze the constraints and 
momentum phase space. 

Consider the case of open strings with both ends 
attached to a single Dp-brane, and take p = 25. In this 
case, we can write down results that hold for both open 
strings and closed strings when the choice a' = 1/2 and 
a' = 2 is made respectively. As discussed above, in 
the DDF formalism, the momentum of a level N mass 
eigenstate is: 

fc^ ^pt" -Nqf". 

Two 26-dimensional vectors p^, g^ are therefore needed 
to specify the momentum of the state, but there are 
only 3 constraint equations: p'^ = 2, p ■ q = 1, and 
q^ = 0, so that there remain, 2 x 26 — 3 = 49 free 
parameters. Given that fc'' has only 26 parameters, one 
of them being eliminated by making use of the mass 
shell condition, it follows that only 25 of the 49 free 
parameters are needed in order to completely specify the 
momentum of a state. Therefore, we can fix 49—25 = 24 
of the 2 X 26 parameters in p^, q'' while still spanning 
the full the phase space. Use this freedom to set 



0, 



for 



1,- 



,24, 



for all states constructed by DDF operators. Substitut- 
ing this into the constrai nt e quations (|62|) . leads to the 
positive energy solution |l94{ , 



j2-2) 



iP'-2^P 



2 2) 



1 
2^ 



g'' = (-c,0,...,0,c). 



(46) 



As required, this choice satisfies — (p — Nq)'^ = m? = 
2N — 2 for any p^,c. In terms of p+ we have c = 
l/(v^p+), and fc~ = 2^(p2 + 2A^ - 2). The posi- 
tive energy condition requires c > (for non-tachyonic 
states, N > 1), and the full phase space (neglecting the 
tachyon) is: 



-oo < P < oo 



and 



p+>0, 
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with p+ = — l/g~ [1951 ]. We reach the important con- 
clusion that different vertex operators may indeed be 
labelled by different q^ when their momenta differ, but 
that all vertices may be taken to have g* = g"*" = while 
spanning the full phase space. For instance, when we 
compute the inner product of two covariant vertex op- 
erators of the form ((42|) . we may take one vertex to 
be constructed out of DDF operators with q ~ y^ Q, 
g * = g + = and a vacuum with momentum p ^ and 
the other to be constructed from DDF operators with 
g" ^ 0, q* = q^ = and a vacuum with momentum p^. 
The important point is now that 

q-q' =0, 

and it is due to this fact that [A,j,A:^„] = nS'^^dn+m,a, 
with A^ and A^ the DDF operators constructed out of 
q' and q respectively. Therefore, different vertex oper- 
ators can be constructed out of different g^ provided 
q ■ q' = 0, which in the coordinate system shown above 
is equivalent to saying that different vertex operators 
can be labelled by {p,p"'"}, which can be taken to be 
independent for every vertex operator, as required. 

In the next two sections we summarize what we 
have learnt and fill in the details on some of the finer 
points. We first discuss the closed string and then the 
modifications required for the open string. 



B. Closed String Mass Eigenstates 

As discussed above, the DDF formalism provides 
a dictionary which relates every light-cone gauge state 
to the corresponding covariant gauge vertex operator. 
Writing N = Y,. Uj and N = Y.j rij with N = N, a 
general light-cone gauge mass eigenstate state is of the 
form 



l^>i 



1 






(-' ^ij . . . ,kl . 



(47) 



X (1" a.'' a. - a. - 



..|0,0;p+,p'). 



with |0, 0;^+,^*) an eigenstate oip'^ ,p^ and annihilated 
by the (dimensionless) lowering operators Qf^~,Q, S^^q, 



normalized according to (j39p . If the polarization tensor 
^ij...,ki... is normalized to unity. 



^^. 



,kl. 



i' 



ij ... ,kl.. 



1, 



then t he c ombinatorial normalization constant, C, con- 
tains [l23l | a factor of -y= for every q;L„ that appears 

and factors of . "'" , with fin^i the multiplicity of ajj 



in the above product. Similar factor s are required for 
the anti-holomorphic sector; in total jl96l |. 



C: 



Ur ^r n„ . Ai",. 



n.^.n. 



; l^n,i- 



(48) 



To e very light-cone gauge state (|47)) there corresponds 
|130l | the correctly normalized covariant vertex operator 
of momentum fc. 



V{z,z) 



V^p+^d- 



:ce 



X A„„^A_„2 



ij ...,kl. 



Ak Al 

•^-fii^-fi2 



(49) 



Jp-X{z,z) 



with the (dimensionless) DDF operators, A^, A^, de- 
fined by. 



- fazd,X\z)e'"''-^'-'\ 



Al 



a; = W— &,Szd-,XHz)e' 



(50) 



iq-X{z 



The indices i are understood to be transverse to g^. 
In accordance with the above considerations the null 
spacetime vector q^^ and the (tachyonic) vacuum mo- 
mentum p^^ are such that. 



v' = 



p-q = 



and 



g^ = 0. (51) 



The quantity k^ = p^ — iVg'^, as discussed above is 
identified with the momentum of the vertex operator 
(|49p : from the definitions of p and g we can confirm 
that the mass shell condition is automatically satisfied 
if N is identified with the level number, N = ^^ rii, 



fc^ ^p^' -Nq^', 



and 



k^^-{l-N). (52) 



As an example, it is also useful to note that one can 
always Lorentz boost to a frame where (for simplicity 
here a' = 2), 



p==(c-l/(2c),0,...,0,c+l/(2c)), 
q= (c,0, ...,0,c). 



(53) 



given that these satisfy p^ = 2, p ■ q ^ 1 and g^ = 
as required for any c, see Sec. IIIII As an example, 
let us boost to the rest frame where the fc* = and 
fc" = \/2N — 2. p and g are determined completely, 
with c"i = -^/2N -2. 

The vertex (j49| is not yet normal ordered and can 
be brought into a manifestly normal ordered form by 
bringing the operators in the integrands close to the 
vacuum, summing over all Wick contractions using the 
standard sphere two-point fmiction for scalars. 



(X^iz, z)X''{w, w)) ^ -—r]"" In \z - w\'^ 



(54) 



and evaluating the resulting contour integrals so as to 
extract the residues which correspond to the physical 
states. The contour integrals in P^ are to contain the 
ground-state vacuum. We are to bring the rightmost 
operators close to the vacuum first so as to respect the 



order with which these hit the vacuum. When the right- 
most DDF operator is brought close to the vacuum we 
evaluate the associated contour integral (with all other 
insertions placed outside the contour). We then bring 
the next DDF operator close to the resulting object, 
evaluate the operator products and the associated con- 
tour integral and so on, see Fig. [T] The procedure is 
analogous to the usual procedure of extracting vertex 
operators from Fock space states |l5l| . 

Using the operator product interpretation of the 
commutators (see Appendix IX)) it is seen that the DDF 
operators satisfy an oscillator algebra and annihilate the 
vacuum when n > in direct analogy with the corre- 
sponding oscillators a„ and q;„, 



L^m^m 



i,S'J<5, 



n+?n,05 



and A:,>o . e'^-^(^'^") - 0, 
(55) 
In ad dition, they commute with the Virasoro generators 

|l"7lj. L„i ■ An = Lm ■ An = iym ' A^ = i^m ' An = 0, 

for all m,n € Tj and the (tachyonic) vacuum on which 
the DDF operators act has conformal dimension (1,1) 
and is therefore an Lq, Lq cigenstatc, Lq ■ e^V'^'^^^^) ^ 



io 



^'ip-X{z^z) 



^0, 



It follows that V{z^ z) is a 



physical vertex operator given that, (Lq — 1) ■ ^(-z, -z) — 
0, Lm>o • y{z, z) = 0, and (Zq - 1) • V{z, z) = 0, Lm>o • 
F(z,z) =0. 

An important point that can be mentioned here 
is that level matching, (io — -^o) ■ ^(-z, ^) — 0, is sat- 
isfied even for states with asymmetrically excited left- 
and right-movers, one such state being e.g. V(z^ z) — 

$,ijA^_nA-'_jn^'^^''^^^'^'' with n ^ m and positive. In fact, 
when we normal order this expression it will be seen that 
the presence of such states requires a lightlike compact- 
ification of spacetime - we will have more to say about 
this later on when we discuss covariant coherent states 
for closed strings. 

We suggest that the states (gT]) and (gH]) arc dif- 
ferent descriptions of the same state. This is supported 
from various points of view: (a) there is a one-to-one 
correspondence between (|T7)l and (|15|) . and the light- 
cone gauge states (|T7)) describe a complete set of states 
for the bosonic string; (b) the lightcone and covariant 
expressions have the same mass and angular momenta; 
(c) the first mass level states are identical. We conjec- 
ture and work on the assumption that the lightcone 
and covariant states share identical correlation func- 
tions (provided these are gauge invariant). 



J 



/ PXe-^W . . . 

Jx\as=x(z) 
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As discussed above, that (|49)) is covariant is not 
manifest due to the explicit presence of transverse in- 
dices. However, when the operator products and con- 
tour integrals are carried out the resulting object can be 
given a manifestly covariant form [l3C| ~ we will show 
this explicitly with a couple of examples (and in partic- 
ular, §^ and ([751)). 

In the next section we fill in the details for the 
open string covariant vertex operator construction be- 
fore discussing the normal ordered expression of the 
closed string vertex operators. 

C. Open String Mass Eigenstates 

The open string vertex operator construction pro- 
ceeds in a similar manner, but there are certain dif- 
ferences that we mention here. First of all note that 
our open string conventions are presented in Appendix 
[B] We restrict our attention to open strings wit h bot h 
ends attached to a single Dp-brane (with p > 1 [152J |). 
although such vertex operators are also relevant in scat- 
tering amplitude computations involving open string 
vertices stretched between parallel Dp-branes, the so 
called p-p strings. The construction may be generalized 
to p-p' string vertex operators that stretch between a 
Dp- and a Dp'-brane along the lines of [153{ by making 
use of the notion of a twist field. 

Consider the case of p-p vertex operators where a 
string worldsheet is attached to two parallel Dp-branes. 
In a direction transverse to the brane the string satisfies 
Dirichlet boundary conditions [ij]. 



X 



9S 



x{s), 



with x{s) parametrizing the boundary of the world- 
sheet, S, which is fixed to the brane. For a world- 
sheet conformally transformed to the upper half plane 
with the boundary on the real axis, an example would 
be a vertex inserted on the real axis at Imz = and 
Re z = y, in which case the Dirichlet boundary condi- 
tions become, 



X ^ 


= 


for 


Imz 


= Rcz <y 


x = 


--L 


for 


Imz 


= Re z > y 



for the two parallel branes separ ated by a distance L. A 
useful formula has been given in |l52l | for the functional 
integral. 



/ VXe-^^^^^ cxp I , ^ ,, i ds i ds' 

Jx\a^=o I (27ra')^ /as /as 



x{s)x{s')d^d'^GYy{z,z') 



(56) 



with S the Polyakov action, the normal derivatives 9_l acting on the Green's function with Dirichlet bound- 
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ary conditions, Gj:i{z,z') = {X{z,z)X{z' ,z')) with the 
normahzation convention dzdzG{z,w) = —T:a'5'^{z — 

w) + fy;^ ^"^d GD(z,z')UeaE = 0, and the dots 
". . . " denot ing v ertex operator insertions. This expres- 
sion shows [152l | that we may restrict our attention to 
the construction of vertex operators with both ends at- 
tached to a single brane, say at X'|as = 0, keeping 
in mind that one is to include the above exponential 
factor as appropriate for p-p strings stretching between 
parallel branes in the various scattering amplitude com- 
putations. 

Spacetime directions tangent to the Dp-brane are 
labelled by lower case latin letters from the beginning 
of the alphabet, X°, with a = 0, . . . ,p, and directions 
transverse to the brane by upper case latin letters from 
the middle of the alphabet, X^ , with I = p + 1, . . . 25. 
It is sometimes useful to work in lightcone coordinates 
in both covariant and lightcone gauge as this enables 
us to make the correspondence between the two gauges 
explicit. Assuming the associated lightcone directions 
satisfy Neumann boundary conditions we may define, 

X± = ^{X°±XP). 

Note that it is necessary |152| for the X^ directions 
to lie in the Neumann directions in order to make the 
correspondence with lightcone gauge for which X^ = 
(2a')p^TM, with T = itm, as this is not compatible 



with Dirichlet boundary conditions, see ([55]). To place 
the lightcone directions in the Dirichlet directions one 
needs to instead reformulate lightcone gauge quantiza- 
tion with X~^ = {2a')p'^a. A general spacetime direc- 
tion is as always labelled by Greek lower case letters, 
X'^. To summarize, 



X" = {X^,X^}, 


with 


A= l,...,p-l. 


X' ={X^,X'}, 


with 


I = p+1,...,25, 


X''^{X^,X'}. 







(57) 
and so the directions X^ satisfy Neumann bound- 
ary conditions, whereas directions X^ satisfy Dirichlet 
boundary conditions. In the Euclidean worldsheet co- 



ordinates, z = e-H<^+^-^), z = e'^'^-'^i with a € [0,7r] 
and T £ (—00,00), (considering only the case of NN 
and DD strings) Neumann and Dirichlet boundary con- 
ditions read respectively, 

N: 9,X"|aE,,=0 and D : drX'\as,,^0. 

(58) 
Note that, d^ = i{zd — zd) and dr ~ zd + zd. In the 
(2;, z) coordinates the open string physical worldsheet, 
E, is conformally mapped to the upper half plane with 
the identification, z r^ z. The associated fixed point, 
the real line z = z, defines the open string boundaries. 
Using the doubling trick we can as usual write 
the various expressi ons n eeded in terms of holomor- 
phic quantities only |123| : one identifies antiholomor- 



phic quantities in the upper half plane with holomor- 
phic quantities in the lower half plane and therefore 



one may just as well work with holomorphic quantities 
only provided one works in the full complex plane. The 
open string vertex operators are inserted on the real 
axis. We assume that both ends of the string satisfy 
the same boundary conditions for any given direction, 
we thus consider the cases of NN and DD directions 
only and do not consider mixed boundary conditions 
ND and DN. 

The relevant DDF operators now read. 



At 



- icfzaX^(z)e"«-^(^\ 



Ai = ^l^j>azdx\z)e^-'>-'"'^\ 



(59) 



for oscillators parallel or transverse to the brane respec- 
tively and the closed contour integrals are to contain the 
operators they act on, which are on the real axis. In a 
Minkowski signature worldsheet the integrals are along 
the boundary of the worldsheet which is coincident with 
the Dp-brane. The null vectors q^^ are restricted to lie 
within the D-brane worldvolume and are transverse to 
the DDF operators: 

q^^q' = 0. 

In direct analogy to the closed string case we create 
open string vertex operators with fluctuations in the 
X^ or X^ directions by acting on the vacuum with DDF 
operators see also Appendix [Bjl . 



V{z,z)^ 



V2p+Vrf_: 



C£,ij...A_j^^A_^ 



^wX(z) 



(60) 

the vacuum, e'-P'^'^'') being restricted to the worldsheet 
boundary (e.g. the real axis in the complex z-plane) and 
the combinatorial normalization constant C , 



C 



1 



]\r'r>■rY\n,i^J'n,i^■ 



(61) 



The vertex operators (pO]) are mass level N ~ ^i^i 

"■ — Nqf^, the onshell con- 



states with momenta fc^ 
straints now reading. 



P 



1 
a' 



p-q 



1 

2^' 



and 



0, (62) 



so as to ensure that ni^ = ^{p ^ Nq)'^ = {N — l)/a' as 
appropriate for open strings. The contractions appear- 
ing in (j62[) are with respect to all spacetime indices ^. 
The boundary conditions require in addition, p^ = 0, 
see Appendix [BJ 

Normal ordered vertex operators are obtained from 
(pO)) by bringing the operators in the integrands close to 
the vacuum, summing over all Wick contractions using 
e.g. the upper half plane two-point function for scalars 
(given in (|B6|) in Appendix IB] for completeness) for Neu- 
mann (N) or Dirichlet (D) directions, and evaluating the 
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resulting contour integrals so as to extract the residues 
which correspond to the physical states. In evaluating 
the operator products we are to restrict the integrands 
of the DDF operators to the real axis . Only after the 
operator products have been computed are we to an- 
alytically continue in the variable of integration so as 
to circle the tachyonic vacuum in order to extract the 
residue. This is best understood by realizing that the 
vertex operator (|60p can be thought of as being cre- 
ated in a sequence of open string scattering events as 
explained in the introduction and depicted in Fig. [TJ 



The massless states, V 



(.i) 



massless' 



that are absorbed 
by the ground state string, V'ground state = e'P'^(^\ are 
the integrands of the DDF operators polarized in some 
direction, ^*, of our choice, and the final excited state 

(r) 



Kxcited ^^ given by the vertex operator (|5n)) after nor- 
mal ordering, when a sequence of r DDF operators have 
acted on the vacuum. In what follows we compute this 
normal ordered expression for a complete set of such 
open string covariant vertex operators. We give explicit 
results for the closed string and consider the open string 
explicitly when we construct coherent states. Open 
string vertices constructed from the A^ operators are 
rela ted by T- duality to vertices constructed out the Af^ 
[ij, Il54 Il55l | . The latter are interpreted as ripples in 
the D-brane worldvolume. The remaining possibility 
is vertex operators with excitations associated to both 
transverse and tangent directions to the D-brane, and 
these may be interpreted as the usual Neumann bound- 
ary condition vertices with excitations within the D- 
brane worldvolume which in addition generate ripples 
of the D-brane. In the open string coherent state sec- 
tion we shall consider vertices constructed from the A^. 
As in the closed string case there is a one-to-one 
correspondence with the lightcone gauge states. 



l^).c 



1 



v/2p+v; 



d-l 



:C6j...a*_„,ai„^...|0;p+,p*), 



(63) 
with |0;p+,p*) an eigenstate of p+,p' and annihilated 



by the (dimensionless) lowering operators, a*j>o: where 



fc9X^(z)z". 



and defined so that ([5^ holds true. 

The fact that the covariant gauge vertex operators 
(|5D|) are in one- to one correspondence with the light- 
cone gauge states (|63p proves that the former comprise 
a complete set. We conjecture and work on the assump- 
tion that the states |T^)ic and V{z, z) are identical states 
in the sense that they share identical masses, angular 
momenta and interactions. We shall obtain evidence 
supporting this conjecture as we go along. 

We next discuss the correspondence between light- 
cone gauge states and covariant gauge vertex operators, 
and consider the issue of normal ordering in detail. We 
start from the graviton and subsequently move on to 
arbitrarily excited vertex operators. 
D. The covariant equivalent of aLiSi^jjO, 0;p^,p') 

We wish to obtain the covariant equivalent of the 
lightcone gauge graviton (or other massless) state. 



l^>i 



1 



v/2p+Vd_: 



:e^,,a'_i<5ii|0,0;p+,p' 



Here vn? = 0, and so from ((5^ fc^ — p^^ ~ q^^. We 
see from (|47)) and (|49|) that the light-cone to covariant 
vertex map is realized by: 

(64) 
with ^ ■ q = Q. To bring this into a manifestly covariant 
form we substitute into the right hand side the defini- 
tions (|49p . Using the operator products we bring the 
integrands close to the vacuum and evaluate the result- 
ing contour integrals as explained below ([5n|. For the 
graviton this procedure can be seen to lead to |l98l | : 



e^J ALiiiie'P-^f"'"") ^^i^,J ([(twd^X\w)e-"'-^'-^^ Ictw dn,X\w)e~"i-^'^''^ f,wX(z,z) 



a' 



-^4-^;. - -77P'%)[K -P'q. dX>^iz)dX'^i 



(65) 



^'^(^)piip-q)-X{z,z) 



r 



With the identification ^^_i, = £,z,j{5l — ^p^q^){5l — 
^p'q,y), we find the manifestly covariant aiid_ normal- 



ordered expression for the graviton vertex [13j 

V{z, -z) = ^=== -, Cm,. dX^{z)dX^(z)e^-^'^^^'\ 

(66) 



which has been derived from the corresponding light- 
cone gauge graviton via the DDF formalism. Note 
that we could just as well have written , ^^ (with 

Ek = |k|) instead of , ^^ provided the momcn- 

tum phase space in 5-matrix elements is taken to be ([7]) 
instead of (pi]). as discussed in Sec.|lTl This remark ap- 
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plies also to the other mass eigenstate vertex operators 
given below as well, but does not apply in the case of 
coherent states (see later). 

The polarization tensor C^^i, is transverse to the 
gray iton momentum fc'* as can be explicitly verified 
[l99l |. Notice that depending on our choice oi S,, p and 
q all entries of the covariant polarization tensor, Cfi,u7 
may be non-vanishing in general. Whether or not the 
corresponding polarization tensor is traceless depends 
on our choice of ^ij. 

The above procedure generalizes to arbitrarily mas- 
sive vertices and given that the DD F operator s generate 
the complete set of physical states |l28l . Il29l | it is clear 
that all arbitrarily massive vertices in covariant gauge 
may be extracted via this method. The fact that the 
physical content of the light-cone gauge states (where 
there are no ghost excitations) is clearer than covariant 
gauge vertex operators has been one of the great virtues 
of the light-cone gauge approach - it is seen that this 
virtue is also present in the covariant gauge if one makes 
use of the DDF formalism. 



the basic building block of all vertex operators whose 
polarization tensors are traceless. In this subsection 
wc derive the normal ordered covariant vertex operator 
corresponding to the lightcone state 



l^>lc = 



V^P+Vd-i 



N 



^i,j alf^&i 



N 



|0,0;p+,p'), (67) 



with the normalization C ~ i/N, see (|3S|). Here the 
mass, m^ = 4:{N - I) /a', and so from ([52]), fc** = p'^ - 
Nq^. Following the DDF prescription, we consider the 
state 



V{z,z) 



y/2p+Vd-i 



N 



C^,,A] 



A3 pip-X(z,z) 



(68) 



E. The covariant equivalent of aLjvfi^jvIO' ^iP^iP') 

Consider now a not so obvious example which in 
fact, as will become apparent in the next subsection, is 



As in the graviton example, we use the definitions of 
the DDF operators and carry out the relevant operator 
products. Let us consider the holomorphic sector and 
shift the vertex to z = 0. This leads us to consider. 



J 



Ai . pip-X(Q) 



- f d:wdX\w)e~ 
Jo 



— f ^[p'w 
a ,/o iw V 



■iNq-X(w) ^ ^ip-X{0) 



E T;— W ^'^'(O) "") E ^"'S„.{Nq; 0) e 



^(r-1) 

r — 1 ^ ' 



,i{p--Nqyx{o) 



m—0 



(69) 



- , N . 

7(^P'SNiNq;0)+Y, -^—d"^X\0)SN-„.{Nq;0) 

' \ 2 -^ — ' 771 — 1 ! 



^ (m - 1) 



^z{p-Nq)-X(0) 



r 



with the definition, 

Srninq;z) = Smiai,...,am), (70) 

when the following identification is made, 

inq ■ d^X 



The elementary Schur (or complete Bell) polynomials, 
5^(01, • ■ • , flm), are in turn defined in general by: 

Sm{ai, . . . , am) = —i <h duu~™~^ exp y a^w* (^la) 



ki+2k2^ \-mkjji^m 



fci! k,J. 



Similar remarks hold for the anti-holomorphic sector, 
see Appendix EH Note that L ^ = - i t^ = 

^'- ' ' JO 27Tiw JO 27rzu; 

1, and we have made use of the standard correla- 
tor on the complex plane ((54)) . as well as the onshell 
constraints ([5^ . The elementary Schur polynomials 
arise from the Taylor expansion (inside the normal or- 
dering) of e-'^«-^(^) = Em=o^'"^™(^9;0)e"'^'''^^°^ 
which can be derived from Faa di Bruno's for- 
mula (l56l | for the rn"^ derivative of the exponential, 
(eiNq-xiz)gm^-tNq-x(z)^^^^_ As a preliminary consis- 
tency check note that the subscript N on SN{Nq) 
denotes the total number of derivatives and so the 
level number on both sides of the equation is the 
same. We have noted also the corresponding expression, 
Sm{nq; z), for the anti-holomorphic sector. Shifting the 
insertion back to z, z we conclude that the level N light- 
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cone state jT£,i,j al_j^a''_]y\Q,0;p'^ ,p^) has the covariant 



manifestation: 



y^2p+Vd-l ^^ 

(72) 
We have found it convenient to define the polynomials 
Hj^iz), H%{z), in d*X and d*X respectively, 



H'Niz) 



■p'SN{Nq-z) + Pl,{z), 
■fSM{Nq-z) + Pl,{z), 



(73a) 
(73b) 



with P^{z), P^{z) in turn defined by, 



V a -^^ m — 1 ! 

rn— 1 ' 

(74a) 



9^7 



a' ^-^ (m — 1) 



(74b) 



These polynomials are the fundamental building blocks 
of normal ordered covariant vertex operators when these 
correspond in lightconc gauge to a traceless state as we 
shall sec |200i] . In the rest frame we are to replace, 
Hlf{z), H}^{z) with, P}^{z), Phiz), respectively as in 
this case the momenta, k^ = p^ — Nq'^, are transverse to 
the polarization tensors and consequently C..i...P^ ~ 0. 
Some examples for N = 0,1 and 2 have been given 
in Appendix [Xj We next give an explicit example 
for m^ ~ 4:/ct', mass levels, where A^ = 2, to illus- 
trate that the vertices generated in thi s ma nner are 
the standard cova riant vertex operators [l49J |. see also 
[l3llll38l . ll5lUl57| . with polarization tensors that range 
over the entire range of spacetime indices. The differ- 
ence to the traditional approach (taken in the above 
cited papers) is that here physical polarization tensors 
are automatically generated - there are no additional 
constraints to be solved. First of all note that for A^ = 1 
we recover the graviton (or in general the massless) ver- 



tex operator(s) j20l| . For Af = 2, we have fc^ = p^'-2q^' 



The covariant vertex operator which is equivalent to the 



lightcone state 



he. 



lows as a corollary of (|72|) . 



1^) 



^,1 



\0,0; p+,p') fol- 



7w=r^^"'-"-"-^+^^"-^) (75) 

where we have made use of the operator-state cor- 

respondence, a^„ ~ ^^-±^^^X^'iz), |0,0;fc^) ~ 

gce^'''-^^^'^\ and have written \V) ~ V{z,z), in order 
to make manifest the differences to the equivalent light- 
cone gauge state. We have chosen to write ([75]) in the 



more conventional coordinates used in covariant gauge, 
where the vacuum is normalized according to psp and 
1^. From (j72p one can derive (by ex- 



E'k = V^ + rr 
'■ panding out the various polynomials for A 
manifestly covariant polarization tensors. 



<:, = e,{s\-ip\,) 



Xfj-v 



^e^[oi p'qp.qu - S\q^ - 5\q^) 



2) the 



(76) 



with the properties |Cp = |^p (with |^p — 1 so that 
the lightcone state is correctly normalized), x^v — 
X.M,_ \X? = C ■ fc = X'; = X^..k^^k''^ = 0. As a 
consistency check note that these polarization tensors 

fc^Yu. = 0, 



solve the physical state conditions, 2Cp 



Xpi' 



2fc^C^ + V^^Xiin = 0, which were derived by completely 
different methods in [138| . There are similar expressions 
for (^. Xfj-f with ^i replacing ^i. One thing to notice is 
that all components of these polarization tensors may 
be non-vanishing in general so that the resulting states 
really are covariant in the usual sense even though the 
state ([S5)) from which (|75|) was derived seems to break 
spacetime covariance by the explicit choice of transverse 
indices. 

There has been some confusion concerni ng a state 
of the form ([75]) in the literature |l38l . Il5l| where it 
is concluded that such a state may satisfy the Vira- 
soro constraints but has zero norm. We disagr ee in 
that we find that the state \V) has positive norm (202| . 
(y|y) = 1, while satisfying all the Virasoro constraints, 
Ln>o\V) = 0, iol^) = 1^) and is hence physical. In 
fact, all covariant states generated by the DDF formal- 
ism are positive norm physical states. Th e reason as to 
why there is disagreement with jl38l Il5l| is because the 
constraints on the polarization tensors C^ , X/jjy obtained 
there do not have a unique solution; the solution iden- 
tified there corresponds to a zero norm state but there 
is the additional solution, namely (|76p , which gives rise 
to the positive norm state ([75)1 . 

What we learn from the above exercises is that the 
DDF vertex operators ([^^1) are fully covariant, they all 
have a lightcone gauge equivalent which can be iden- 
tified explicitly, and last but not least they generate 
a complete set of physical states (given that they are 
in one-to-one correspondence with the light-cone gauge 
states). 



F. The covariant equivalent of 

«-niai„2 ■ • -a-nia-ns ■ ■ ■ |0' 0;p+,p') 

We next generalize the result of the previous sub- 
section and discuss the covariant manifestation of a gen- 
eral lightcone gauge state. 



l^)lc = 



1 



■ cc. 



ij...,kl.. 



^2p+Vd-i - ■ (77) 

X a-„i«-«2 • ■ -"-ni^Lft, . . . \0,0;p+,f), 
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which according the DDF prescription is given by, 



V{z,z) = 



^JW^- 



■ cc. 



ij ... .kl. 



Jfe A^ 



V 4* A^ A'^ A- p 



ip- X {z ^z) 



(78) 



Here the relevant level numbers associated to left- and 
right-moving modes are N = ^^ n^ and N = ^ n^ 



and for non-compact spacetimes we are to enforce [20 
N = N. The associated momentum is then, k^ = pf^ ~ 
Nqf^, and the mass shell constraint, k'^ = 4(1 — N)/a'. 
Writing formally £,ij....ki... = £,13. ..^u... we first con- 
sider the case when the polarization tensors ^ and ^ are 
traceless. 



U.. 



.V 



I. 



.V 



0, 



but with £...j...k^ , £...j...k-' non-vanishing in gen- 
eral. The normal ordered vertex operator cor- 
responds to a straightforward generalization of 

for the holomorphic sector. Therefore, the co- 
variant normal ordered vertex operator asso- 
ciated to a general traceless lightcone state 
C?iii2...jij2... a-mO^'-,i2 ■ ■ ■ a-nia-n2 • ■ • |0' 0;p+,p') is. 



Viz,z) 



C^i]... 



ij ... ,kl. 



xW^^{z)Hl^{z)...Hl{sMA^). 



^t{p~Nq)-X(z,z) . 



(79) 

with C as given in (|^5)) . Without referring explicitly 
to the lightcone state we see that C contains a factor 
of -^ for every HI, that appears and factors of -^ — , 

with /z„_i the multiplicity of H!^. 

We can always boost to a frame where ^...i...fc' = 
(e.g. the rest frame) given that there are no timelike 
directions in the lightcone gauge polarization tensor, ^, 
in which case the above vertex simplifies to. 



V{z,z) 



9c 



V2p+Vd-i 



CS,ij...,ki.. 

k fz:\ 31 



xP;^(z)P4(z)...P^^(z)F4(z) 



^t{p-Nq)-Xiz,z) 



We therefore learn that when the polarization ten- 
sor of a given light-cone state is traceless we can build 
the corresponding normal ordered covariant vertex op- 
erator by making the following replacements. 



a 

|0,0;p+,p* 



5c e 



.i(p-NqYX^{z,z) 



(80) 



with an overall combinatorial normalization constant C 
given in ()48p . and the lightcone operator vacuum nor- 
malized as in (|45|). If the lightcone states in addition 



to^..,.. 



.^'■ 



satisfy £...j...k^ =0 (and similarly for 



the anti- holomorphic sector), the above identification 
simplifies to, a!_„ ^ Pn{^) ^"^^ ^^-n ^ ^ri(^)- The 
resulting covariant vertex operator formed in this way 
is normal ordered. Note that the normalization of the 
lightcone state carries over to the covariant vertex un- 
altered because the normalization for the DDF states is 
set by the DDF commutation relations ([55]) which are 
identical to those of the usual creation and annihilation 
operators. 

We next construct covariant normal ordered vertex 
operators in the case when the polarization tensors of 
the corresponding lightcone gauge states are arbitrary, 
for which in general. 



e. 



.^■ 



t. 



.V 



i. 



L 



need not vanish. We start from the simplest non-trivial 
case and then move on to more general cases. Proceed- 
ing by induction we then obtain the general result. 

For this purpose we'll be needing the following local 
dimensionless polynomial functionals oiq-d'^X{z), and 
q ■ d'^X{z) respectively. 



^m,n{z) = ^ rSrn+rimq; z)Sn-r{nq] z), 



r=l 

n 

E 



rSm+r{mq; z)Sn-r{nq] z). 



(81a) 



(81b) 



with the elementary Schur polynomials, Sm,{nq] z), 
Sminq;z), defined in Appendix El In (|69p we showed 
that normal ordering of ALn • e*^'^*^^-' leads to, 

A^„ • e'P-'^(^) = H^;{z) e*(P-"«)-^(^). (82) 

Let us apply an additional DDF operator from the left 
to this expression and normal order the resulting object. 
We find, 



A^ a'' 



^ip-X(z) 



mH^,+5=^^„ 



{z)e 



i[p— {_m+n)q]- X (z) 



(83) 



Proceeding in a similar manner we apply another DDF 
operator to the resulting expression and normal order 
the right-hand-side. An important point to note now 
is that '^m,n{z) commutes with the DDF operators, A\, 
because E:m,n{z) is a functional of q ■ d'^X and [Al^^q ■ 
d*X] = 0. We find. 



4* A^ 4* 



^tp-X(z) 



S''' Se,nW^ + S^'' S^ 






Tji Tjj rrk 

(z)e 



i[p-(£+m+n}q]-X(z) 



(84) 

By induction it follows from the above that the general 
normal ordered expression reads. 
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L9/2J 



a=0 7rGSg/-'f=l q=2a+l 



(85) 



r 



with 5*3 the permutation group of g elements and the 
equivalence relation ~ being such that tt^ ~ tt-,- with 
TTij-TTj G Sg when they define indistinguishable terms 
in ((85)) . In all terms where S„;.„ appears we are to 
only include permutations which preserve the inequality 
i < j. Furthermore, the notation [-J in the summation 
indicates that the upper limit saturates the inequality 
a < g/2. The number of terms in the sum over permu- 
tations at fixed a is 



2-''o! 



a!(5-2a)!- 



(86) 



There is a similar expression for U{z) with (,ij..., 
S„,„(z), H^z) and e'(P-^rf^r<iyx(z) replacing Czj..., 
S„,,„(z), i?;(z) and e'(P-^- "'■«)-'^(^) respectively. If the 
underlying spacetimc manifold is not compactified in a 
lightlike direction we are to enforce in addition: 



E "- = E ' 



For every lightcone gauge state \V) = 

C^^^^.Jnn... «'i„,«-\. ■ • ■ ^'-n,^%, ■ • ■ |0, 0;p+,p'), 
with C is as given in (|48p . there exists a covariant 
normal ordered vertex operator 



V{z, 



V^P+Vd-: 



■.CU{z)U{z). 



(87) 



The normal ordered chiral half U{z) is equal to the right 
hand side of (|55|) when contracted with the lightcone 
gauge polarization tensor, ^ii...ig, which corresponds to 
an arbitrary irreducible representation of SO (25) (or 
SO(24) for massless states). 



U{z) 



E E 

a=0 7reSg/~ 



x6i...^gn'^'"'''""''''"v 



(2f-l)^"7r(2f) 



.,W (88) 



t=i 



E 

n>0 



n 

-Am 



ii-::<''(^)e"*'^''-^"'^^''''*''- 



9^2a+l 



A_, 



n 



L9/2J 
a=0 ^^ 



Jp-X{z) 



( 1 



we elaborate on this in the closed string coherent state 
section in detail. 

When the polarization tensor is traceless, 
C.i...j...S^-' = 0, U{z) reduces to the result ob- 
tained in ([7^ . the chiral half of which reads, 
£,it...tsHn\ ■ ■ . ij;=^e*(p-5:.'v<?)x(z)^ jj^ ^Yie rest frame, 

£, i p* = 0, all the H^i{z) in U{z) in turn reduce to 

There are specific and very interesting examples 
where the sum over permutations may be carried out 
explicitly. In fact, this is precisely possible in the case 
of coherent states. In particular, we construct coherent 
states below, we will be interested in expressions of the 
form: ^ ( J2n=i ^" ' A.^Y e'P-^^''\ Clearly, in this case 
the indices on the A-n are dummy variables, and hence 
from (l85l) and (1861) we deduce that: 



2ay\2nm ^ 

n,rn>0 



An • A 



m ^n.7n * 



^ — i{n-\-m)q- X (z) 






HnC 



— inq-X{z) 



g-2a 



(89) 



.jp-X(z) 



n>0 



r 



When we sum over g (from to oo) such a object has 
an interpretation of the chiral half of a closed string co- 
herent state or an open string coherent state as we shall 
demonstrate in Sec. IIVI where we discuss string coher- 
ent states in great detail. The corresponding lightcone 



gauge state is exp(X;„>o ^^n ■ a-„)|0,p+,p'), which is 
an eigenstate of a^^g with eigenvalue A^ and A* = A_„. 
The covariant gauge expression is not an eigenstate of 
but nevertheless satisfies the definition of a coher- 



^n>0 



ent state (which is given in the opening lines of Scc. lIV A1 
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or SccIVB]). 

Note finally that all vertex operators in this section 
have been normalized to 'one string in volume Vd-i' as 
discussed in Sec. [Ill Therefore, for instance, the nor- 
malization of the general lightcone state ([77)) is such 
that: 

{V{p')\V{p)W = V,P: 

with 5pi ^p a Kronecker delta which reduces to unity 
when p+ = p^ and p' = p and vanishes otherwise. 
The associated covariant vertex operator ([75)) or ([57)) . 
is normalized by the most singular term in the operator 
product expansion ([28)): 



construction of coherent states in the harmonic oscil- 
lator, whereby coherent states are constructed by ex- 



\2p+Vd-i^ l^r 

the dimensionless coefficient having been fixed by 
Lorentz covariance and unitarity of the 5'-matrix. We 
have made use of the relation between operator product 
expansions and commutators. (Recall that for arbitrary 
operators of the form, 



A 



dza(z), 



B 



dwb{w), 



there exists the interpretation, see e.g. |15j 
[A,B]^ A- B ^ (t dw f dz a{z) ■ b{w), 

Jo Jw 

\A, b{w)] = A ■ b{w) = f dz a{z) ■ b{w), 



(90) 



with '•' denoting operator product expansion.) With 
this normalization the string path integral yields the 
5- matrix directly, see ([6]). 



IV. STRING COHERENT STATES 

It is possible that cosmic strings being macroscopic 
and massive should have a classical interpretation. If 
this is the case, one may suspect that the appropriate 
vertex operators for the description of cosmic super- 
strings (from our experience with standard harmonic 
oscillator coherent states) would have coherent state- 
like properties. With this motivation in mind we will 
be searching for coherent state vertex operators, which 
from the standard coherent state properties would be 
expected to have a classical interpretation. 

The states we have considered in the previous sec- 
tions are mass eigenstates. The dictionary described 
above, which identifies the states ([T7| and ([i^ . is tailor- 
made for light-cone to covariant mass eigenstate maps. 
Coheren t sta tes however are not mass eigenstates in 
general |204[ |. In the construction of string coherent 
states one normally proceeds in direct analogy with the 



ponentiation of the creation operator, e '•^l /■^e^°'|0) 



with a|0) = and [a, a 



1. 



|A|V2gAat| 

In the string case there 



is an infinite number of creation operators and the vac- 
uum depends on the center of mass momentum. The 
usual approach is to proceed in lightcone gauge where 
the constraints are solved automati cally and the open 
string construction is trivial, see e.g. (l59|. Rather than 
drop spacetime covariance we shall make use of the spec- 
trum generating DDF operators which can be used to 
generate covariant physical states. 

In the current section we construct covariant and 
lightcone gauge open and closed coherent states and 
show that these states have a classical interpretation by 
associating them to general classical solutions. Let us 
primarily define what we mean by a quantum state with 
a classical interpretation: 

- String states with a classical interpretation should 
possess classical expectation values (with small 
uncertainties modulo zero mode contributions) 
provided these are compatible with the symme- 
tries of string theory. These classical expectation 
values should be non-trivially consistent with the 
classical equations of motion and constraints. 

Starting with the open string we begin by defining a 
string coherent state and using DDF operators proceed 
by analogy to the harmonic oscillator. The definition 
of a coherent state that we adopt is very general but 
standard |160l | which we minim ally extend to include 
the string theory requirements [205l | (see the opening 
lines of Sec. IIV Al below) . After establishing that the 
coherent state properties are satisfied for the states un- 
der consideration we go on to show that the covariant 
and lightcone gauge states share identical angular mo- 
menta and present the explicit map to general classical 
solutions. We show that these coherent states indeed 
possess classical expectation values, thus proving that 
the above definition of classicality is satisfied. 

We then go on to discuss the construction of closed 

string coherent states. Here the naive construction 

leads to the requirement of a lightlike compactification 

of spacetime, X~ ~ X~ + 2ttR~. We show that all 

states considered are indeed physical and single- valued 

under translations around the compact direction, X~ . 

We are then, according to the above definition of 

classicality, led to search for classical expectation values. 

In th e closed string case the string symmetries forbid 

125i the naive expectation that (X^(z,z)) = Xj^^{z,z) 

206| should be satisfied by a state with a classical in- 



terpretation. We elaborate on this and discuss various 
definitions of classicality and their range of applicabil- 
ity. Here we provide a new classicality requirement (in 
accordance with the above definition) that applies in 
all the usual gauges of interest (e.g. lightcone and co- 
variant, but not in static gauge for instance) where the 
vertices are invariant under spacelike worldsheet shifts 
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where the naive definition (X^) = X^^ does not apply. 

Finally, we construct coherent closed string states 
in fully non-compact spacetimes by projecting out the 
lightlike winding states in the underlying Hilbert space 
and go on to show that all the coherent state proper- 
ties are satisfied by the projected states as well, and 
therefore that the projected states have a classical in- 
terpretation. Wc also compute the angular momenta 
of the projected states in both lightcone and covariant 
gauge and show that they are both identical to the angu- 
lar momentum associated to the corresponding classical 
solutions which we identify explicitly. 

For a good overview of coherent states (but not 
explicitly in the context of s tring theory) see Klauder 
and Skagerstam's book |l6Cll | and t he ex cellent review 
article by Zhang, Feng and Gilmore [l6ll |. 



A. Open String Coherent States 

We define an open string coherent state, V{X) = 
\V{X)), to be a state that: 

(a) is specified by a set of continuous labels A = {AJj}; 

(b) produces a resolution of unity. 



1 



dX\V{X,...)){V{X,...)\ 



(91) 



(c) transforms correctly under all symmetries of 
bosonic (or super-) string theory. 

We also allow for the possibility that the state de- 
pends on other discrete or continuous quantum num- 
bers (such as momentum), denoted by ". . . ", which are 
to be summed or integrated over re spec tively - this 
is what is meant by the symbol ^ J207J |. The mea- 
sure associated to the continuous labels explicitly reads 
dX ~ j^ Yin i d^Ki with N an appropriate normalization 
(to be determined) and as usual d^AJj — idXl^AdX'^ (no 
sum over i). The labels n and i will be related to the dis- 
tribution of harmonics present and spacctimc directions 
respectively. The requirements (a,b) are the minimal re- 
quirements for a state to be termed coherent [160| and 
to these we add the minimal string theory requirement 
(c). 

As wc discussed in Sec. IIII CI wc may construct 
open string vertex operators using the A^ and A^ DDF 
operators for excitations in spatial directions tangent 
and transverse to the Dp-brane respectively with A = 
{!,..., p-1} and/ = {p+1, . . . , 25}. (Note that p> 1, 
see Sec. IIII Cl and our open string conventions are given 
in Appendix IB)) . We shall here consider the construction 
of coherent state vertex operators with excitations in 
the directions tangent to the branc. Let us then consider 
the normalized open string DDF vertex operator, 



y(A) 



9o.p 



V^P+v, 



C\ exp I 



1 



A aA 






-X^A 



^V.X'^iz) 



with a = {0, 1, . . . , p}. with a 
found it convenient to define 1208 



. . ,p}. Wc have 



9o,i 



9o_ 



with 



Vd_i = yiV||, 



with Vj^ the volume of spacetime transverse to the Dp- 
brane, and Vy the volume tangent to the brane (so that 
V\ V ii is the total volume of spacetime transverse to a;+). 
|209| In parallel to (P51) in particular, wc thus define: 



(93) 



V|| = hm {2Tr)5{p + -p+)(2^)P-i<5P-i(p' - p), 
p'^p 

Vi_ = lim {2nf-^'P5'^-^-Pip' - p). 



The total volume of spacctimc is Vd = V+Vd-i- The 
kinematic pre-factor and the normalization Cx is cho- 
sen such that the vertex operator is normalized to 'one 
string in volume Vd_i' as shown in ([25)) for the case of 
closed strings. 

p"^ is the (tachyonic) vacuum momentum of the 
string, the DDF operators, A:^, defined in ([5^ and the 
normalization constant, 



C. 



GXp 



oo ^ 



chosen such that the operator product expansion has 
the leading singularity W (A; z)-F(A;0) ~ (2^%)^ + 
. . . , corresponding to 'one string in volume Vn ' as re- 
quired by unitarity of the S'-matrix. 

The vertex operators associat ed to ripples of the 
branc arc related by T-duality [ij, Il54{ to the vertices 
([M|) . The onshcU constraints are given by (|S^ . re- 
peated here for convenience: p ■ q = l/(2a'), q^ = 0, 
and p^ = 1/a' . The polarization complex vectors {A„ } 
are d efined such that A„ • g = 0, A* = A_„, and require 
jl59l | that X^n 1'^"!^ < °° *° ensure that the vertex is 
well behaved. 

First of all we show that the vertex operator (|92|) 
is a coherent state. To prove this recall that a coher- 
ent state must by definition satisfy three properties: 
(a) it must be labelled by a set of continuous param- 
eters, these here being {A^}, (b) there must exist a 
completeness relation of the form (PT|) , and (c) it must 
transform correctly under the symmetries of string the- 
ory, (a) is trivially satisfied and the state remains cor- 
rectly normalized for arbitrary values of the X^ when 
Sn I'^nP < 00. To prove that a completeness relation 
exists it is convenient to write (j92[) in operator form, 

\ViX,p)) = -^^Cxexp(f2-X^A^\ |0;p'^). 



V^P+v 



n=l 



(94) 

with the correspondence |0;p°) ~ do^p^^P'^'^ and we 
use the rclativistic normalization: 



(92) {Q-p'^'\Q-p'^) ^2p+{2n)5{p + -p+){2iiY-'SP-\y>' -v). 
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Note primarily that from the DDF operator commuta- 
tion relations, V^(A) is an eigenstate of the annihilation 
operators, A^>o ' ^W ~ ^n>o^W^ from which on ac- 
count of ([M|) it follows that states are not orthogonal, 
the inner product of two states being given by, 

{V{X,p')\V{C,p)) = V.pC-^Ccexp (^ Ia: • Cn). 

n>0 

The factor CxC^ exp ( J2n>o n^n ' Cn) reduces to unity 
when A^ = C^, for all n,A, so that, 

{V{X,p)\V{X,p)) = l. 

Recall that coherent states are (when we choose q* = 
g"*" = 0) eigenstates of momentum in the fc"*" and k 
directions (but not in the k~ direction). So, as one 
would expect, these coherent states are over-complete, 
the overlap between any two being non-zero for a wide 
range of X'^,Cn- From this expression we then deduce 
(by forming appropriate inner products and integrating) 
that there exists the completeness relation. 



1 = V„ 



'dp+ 
27r 



dP-^p 



-1 (27r)P-i 
X \V{X,p)){ViX,p) 



n 

n,A 



fx^ 

27rn 



(95) 



with d^X^ = idX:^ A dX^/^. Finally, that the ver- 
tex operator (|92|) is physical (requirement c) follows 
from the fact that LnGZ commutes with all the DDF 
operators, L„>o annihilates the vacuum e^^'^^^'' and 
l^.Qtp-x{z) c^ gtp-x(z)^ Therefore, V{X) satisfies the Vi- 
rasoro constraints, {Lq — 1) • ^(A) = 0, Ln>o • ^(A) = 
and is hence physical. Recall from Sec. IIIII that in ad- 
dition all states formed from DDF operators are trans- 
verse to null states. We conclude that the string coher- 
ent state defining properties (a-c) are satisfied. 



leg in the DDF operators and one leg in the vacuum. In 
Sec. IIIII we computed the normal ordered representation 
of arbitrary covariant states. For the above coherent 
state this is obtained by using the integral representa- 
tion of the DDF operators ((50)) in ([92)) and carrying out 
the operator products on account of the onshell con- 
straints (given below ()92p ') and the property A„ • q = 0. 
The integrands of the DDF operators are to lie on the 
real axis as they are brought close to the vacuum which 
is also on the real axis, z = z, and so the relevant prop- 
agator takes the form. 



{X''{z)X''{w)) = -(2a')?7"'' ln(z - w). 



(96) 



From Fig. [Tj where the open string DDF construction is 
exhibited it can be seen that this is the correct proce- 
dure - in the figure we have conformally mapped to the 
disc with boundary zz = 1 (instead of the upper half 
plane) where the propagator is again of the form (1961) on 
the boundary (up to terms that drop out of correlation 
functions) . We then compute all Wick contractions and 
subsequently analytically continue in the variable of in- 
tegration and choose an integration contour that circles 
the vacuum. The same procedure can then be repeated, 
with additional DDF operators which may be brought 
close to the resulting state in the same manner as above 
and so on. The resulting normal ordered vertex assumes 
a particularly simple form when we assume in addition, 
An>o ■ Am>o = 0, see (|85)) . In this case the normal or- 
dered open string coherent states are given by a linear 
combination of the traceless mass eigenstates (|75)) , 



V{X) 



9o,p 



■Cx 



oo ^ 

cxp(^-A„-if„(z)e-™«-^W) 



,ip-X(z) 



(97) 



the difference being that for open strings the dimension- 
less quantity Hn{z) reads, 



1. Functional Representation 

Let us now consider the corresponding local nor- 
mal ordered representation of V^(A), which in practice 
means subtracting all self contractions from the vertex 
(|92)) . The vacuum e*^''''^^^-' is already normal ordered 
and so the remaining self-contractions that need to be 
subtracted are those associated to contractions with one 




^2a'p^SNiNq;z) 

N 



- (m-1)! 



Pxi^) 



(98a) 



d"'X^iz)SN-,n{Nq;z). 
(98b) 



The general result for arbitrary (but of course trans- 
verse) AJj follows directly from 
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F(A) = -|2|=C.exp(^iA„.A_„ 



.9o,i 



n>0 

oo L9/2J 



vv^ 



^^EE :m7z 



g=0 a=0 
1 



a!(5-2a)! 



Jp-Xiz) 



(99) 



2nm 



J2 ^" • ^™ §".™ e-^(n+-)9-x(.)y ( ^ 1 A„ • iJ„ e-"'- 



^W^'' ^%'p-^(^) 



n , m > 



n>0 



r 



which of course reduces to ([QT]) when A„ • Am = (for 
n,m > 0). The quantities S„„i(z) arc related to ele- 
mentary Schur polynomials, S]\[{nq;z), and have been 
defined in (|8ip . For later reference, define the quantity 
U{X) in ([M|) by the expression. 



^(A) 



ffo.p 



\/2rn^ 



CAC/(A)e*P-^W. 



S. Open String Coherent State Properties 



Series expanding the exponential in (j97p it is 
seen that the mass eigenstates in the underlying 
Hilbert space are polynomials in d'^X, multiplied by 
e«(p-Ii;„"s„q)x(2)^ £qj. gQjj^g sequence of positive inte- 
gers, {si, S2, . . . }, with 'Ylin "'^" equal to the level num- 
ber. Also, V{\) is an cigenstate of momentum in the 
directions transverse to q^; given that q^ ~ Q one 
may take for example, q^ = q = q^ = Q and q^ 
non- vanishing (see also the discussion in Sec. |TT|, in 
which case one learns that p^ ■ V{X) = p^V{X) and 
p+ • V^(A) = p+y(A), with p" ^ if§ dzdX". The full 
momentum expectation value is in turn given by, 

1 



required from the definition of a coherent state, not 
necessarily an integer. Therefore, coherent states can 
in particular have masses which are non-zero, but yet 
much smaller than the string scale (a common draw- 
back of mass eigenstates), or, in the opposite extreme, 
they may have large mass and represent macroscopic 
string states; although we have not yet proven that the 
states constructed arc macroscopic. 

Prom the well known properties of coherent states 

|l60l | we expect the limit |A„| ^ 1 to be associated 
to the macroscopic or long string limit. To show that 
this is indeed the case we next consider the open string 
coherent state ([M)) in lightcone gauge. Using the map 
discussed in Sec. IIIII we immediately write down the 
lightcone gauge analogue of the covariant state ([M|) . 



\V{\))i 



This is also an eigenstate of p 



1 00 

===CAexp( V-A„ -a-n) 10;^+,^-^). 



(101) 
as was the covari- 
ant state above (when q~^ — q^ — 0). The contrac- 
tions are associated to indices. A, and are transverse to 
the longitudinal, ±, directions (with v^ = ^(^° -'- ''^^) 
for some generic spacetime vector w^). This state is an 
eigenstate of the annihilation operators, ce^yo\V{X))ic 



{p") =p'' - {N)q'', if) = --liW - 1)' (100) A;^|X^(A))ic and so the lightcone gauge position expec 



where we have identified an effective level number. 



a;^)ci, 



{N) ^ J2 l^"l 



in direct analogy to the generic DDF state momentum 
((52|l . (These tree level operator statements are to be 
interpreted as (A) = (V^AV) for an operator A (with 
(V^V) = 1), and V^ is obtained from V by reversing 
the momenta and complex-conjugating the polarization 
tensors. Note also that p^ = p^p^n = -^ § dzdX^^ in 
this section; in the rest of the paper, p^ 
^ / dzdX''.) 

The above considerations imply that V^(A) carries 
an effective mass associated to (iV), which is in agree- 
ment with the usual open string mass shell constraint, 
TO^ = {N ~l)/a', when TV is identified with (N). No- 
tice that (N) is a continuous function of the |A„| as 



tation value is given by (jBSp . 

{X^{z,z)~x%,^{X^iz,z) 
with, 

{X^iz, z) - x^)^j = -^aV In \z\^ 

+.(t)"^£^{=-+'--) 



(102) 



^closed 



where we have identified {p ) with p (given that 
q^ = Q). Equation (|102p is the general solution to the 
equations of motion, ddX^{z,z) = 0, the constraints, 
(dXr,])" ^ ~ ( BXr,])^ = having been solved by the gauge 
choice: J210J X^{z,z) = ~ia'p'^\n\z\-^, reached by the 
conformal map z = ^^^i-^i^) ^ 2 = e^*'^''^^^^ (recall that 
q-p = 1/(2q!') for open strings). The corresponding lon- 
gitudinal components of the position expectation value 
arc likewise computed. On account of the operator 
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equation, yph^a^ = 2^^ Efez '■ <-£«£ '■ (^r " 7^ 0). 
and the fact that the coherent state is an eigenstatc of 
'^n>o with eigenvalue A^ one learns that, 



(X~{z,z)-x-)^^ = {X-{zrz)-x-)^ 



with 



^ oo 

(X-(., -z) - x-)^^ = ~^— (aV + E l^"l' - 1 



-1 In 






with the definitions A, 
that for open strings. 



(103) 



2a' p^, p^ = p^p^. Recall 



X {z,z) — x = —ia'p ln|z|^ 



„'iV/'^^f,-«+,- 



(104) 



n/O 



n 



Finally, in the Dirichlct directions, on account of 
BSp . it follows that, 

{X\z, -z) - x')^^ = {X'{z, z) - x')^^ - 0, 



with 

^^ r / -^ r ■ I J , ^ ■ [^ v^ '^i f ^ 1 

^ ^ z V 2 ^^ n Vz" z" 

which shows that the open string coherent state vertex 
operators we have constructed are restricted to lie on a 
single Dp-brane, and that for vertices stretched between 
two parallel D-branes of the same dimensionality one 
can still work with these vertex operators provided the 
exponential factor given in ([55]) is inserted into the path 
integral. 

The position operator is not a gauge invariant 
quantity and so the corresponding covariant gauge po- 
sition expectation value, although of the form (|102p . 
would be a more complicated expression whose polar- 
ization tensors are not independent, being subject to the 
constraints {dX)'^ = (dX)^ = 0. Therefore, the covari- 
ant position expectation value is not a particularly use- 
ful quantity in practice because the classical solutions 
we want to match vertex operators to are not known in 
covariant gauge. The angular momentum on the other 
hand is a gauge invariant operator, [I/„, J^''] = 0, and 
so a good consistency check is to show that both the 
covariant, (J°^)cov, and the lightconc, (J°^)ic, angular 
momentum expectation values are equal (in the unit 
norm representation) to the classical angular momen- 
tum, J^j**. Such an equivalence would support the con- 
jecture that ((92)) and (|101[) are different manifestations 
of the same state and correspond classically to the light- 
cone gauge solution (|102p . The total angular momen- 
tum operator is the integral of the current associated to 



Lorentz invariancc over a spacelike curve, say |zp — 1 
in the coordinates z = e~'('^+''^) z = e'^'^"*'^), that cuts 



once across the string worldshect [147j . For the open 
string, 



JA'-'^ A I (tzX^''dX''\ 



a' J 



S^"" 



-i 2_^ 7 1 Q!" "'^'o ~ ct'_ea'i 



(105) 



u v V ^M\ 



with al^'^l = \{a^'''-a''^') and J^"' = L'^'^ + S''''. Due to 
the anti-symmetry there are no normal ordering ambi- 
guities. L'^'^ is the zero mode cont ribution [21l| and we 
have used the doubling trick |l23{ . Notice furthermore 
that S^" = X^fci |l™('^-£'^^)- I^O'^ simplicity focus 
on these non-zero mode components, S''^", and consider 
first the components, S^^ . For the lightconc gauge clas- 
sical computation we find, 5^-^ = X]n>o ^I^l-^n'^^n )> 
which follows from (J102I) and (|105l) . In the lightconc 
gauge the quantity 

(5^^)l,^(F(A)|5^^|F(A))ie, 



is computed using 5''^^ = X]f>o f -^'^('^-^'^F)' ^^'^ 
(|10ip . Given that |y(A))ic is an eigenstate of the annihi- 
lation operators it follows immediately that {S^^)\c = 
Sn>o '7l^™^{Ki^ ^n) ■ Finally, the covariant gauge quan- 
tity 



(5 



AB\ 



= {V{\)\S^^\V{\)) 



is also computed using S = Sf>o 7-'^ni(a_£Q;£ ), and 
we are to identify V{\) with the covariant vertex oper- 
ator (|M|) . or, equivalently the operator state ([M]). For 
this computation one may readily derive the following 
commutators [163, 



K,A^n] 



mS^'"' 



Bl 



[A;^,i?r]=0 = K,i?a 



■ ^^ ^m-l ^^nq■X{z) ^ ggg AppCndixE] Us- 



With S" = 

ing these one can show primarily that 



a. 



m>0 



VW^E^; 



B- 



V{\). 



(106) 



From the definition of B„" and [A;^,B™] = follows 
the operator product. 



B- 



V{\) - : 5„-,„(ng;z)e-*"?-^(^V(A) : 



From this latter expression and the properties (see Ap- 
pendix |X5] and |X| , 5*0 = 1 and 5„<o = 0, we find that 
B~^ annihilates V{\) when m > n and shifts the vac- 
uum momentum, p°' ^ p"^ — nq"', leaving the state oth- 
erwise unaltered, when n = m. From {B^^Y = S"^ 
we find that terms with m > n similarly annihilate 
the out state, V{Xy , in the expectation value {S'^^)cov 
where similar considerations apply. Therefore, only 
the term n = m survives in the sum over n in (|106p . 
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Wc thus find the covariant gauge expectation value, 
(5^^)cov = E„>o|lm(^:^^f)- Collecting the classi- 
cal, lightconc gauge and covariant gauge computations, 
we have shown that, 



{S 



AB\ 






n>0 



qAB 



The angular momentum components in the longi- 
tudinal directions are similarly computed. For the light- 
cone gauge computation. 



{S' 



{v{\)\s^^\v{x)W, 



one can use the commutator [aj , a 
naf_^/{-\/2a'p'^), but since \V) 
state of ct^yQ 



IS an eigen- 



with eigenvalue A^ it is ad- 



vantageous to use the expression. 




in S' 



This then leads 



I]f>oSmezil™(A£ Arn-Af 



with A^ = ^/2a'p^ as above. For the covariant gauge 
computation, 

(^■'")c< 



{V{X)\S^^\V{X)) 



to match to the lightcone gauge we use lightcone co- 
ordinates where, q^ — q = Q and q^ = —l/{2a'p'^) 
(which solve the constraints g^ = and P \Q = 1/(2q;')). 
One can readily derive the commutators |l62l |. 



[a^.K] 



nV2^q Dt„, 



[Af,Dl„]^£S^^E, 



AB Tp£+n 



and [A^,£';^J = 0, with D:^,^ and E'^ defined in Ap- 
pendix |BJ from which follows the operator product, 



a. 



vw 




Xn ■ Df_^r 



(108) 



Xm.En 



V{X). 



subset will annihilate it. Therefore of the terms with 
n + m ~ (. < Oin the sum over m only the m = 
i ~ n term will contribute. The remaining terms with, 
n + m — i > 0, will not contribute either. These are 
to be commuted through to the out-state, V^ , which 
is annihilated by them. In doing so these latter terms 
first encounter a^^ from S^~ . We here use the fact 



(107) that {V\at 



'W))' - (EZii^^B-W))' 



En=iT^K {y\B1e, and [B!!^,-^-™] = 0, so that the 
quantities, _E^"^™, with n + m — £ > commute freely 
through to hit and annihilate the out state, V^ , and 
so indeed only the term m = £ — n will survive in the 
second term in (|108p in the computation of (S^^). 



Next consider the first term in (|108p . On account 
of the operator product. 



Di 



e*P-^("' ^ . H^_^{nq- ^)e»(P-"'?)-^(^) 



and the properties, Hq = p^ and -ff^<o = 0, we will 
commute the Df_^ through to hit the e*^'''^^^^ vac- 
uum when n — £ < Q. Of these the subset of Df_^ 
for which n ~ £ — shifts the vacuum momentum, 
p" — > p" — 7iq°, leaving the state otherwise unaltered, 
whereas the subset satisfying n — £ < annihilates 
it. The D1 _^ terms with n — £ > are to be com- 
muted through to the out state, V\ in the expecta- 
tion value (V^S^^V), just like we did above for the 
]^-n-m ^gpjj^g ^{\][^ n ^ jji — I > 0. From the com- 
mutators, [A,^,A™,„] = ^<5^^i?i+" and [Af,E:i;\ = 
wc find that, 

E\A Tp—n—m 
m>0 ^m-^l 



which D^ 



Jp-X 



For the terms with n — £ < 0, for 

s*(P-")-^(^):,wcfind, 



Consider the second term in this expression. Given that 
[ylf,i?^] = we may commute the iJ^""™ through to 
hit the vacuum, e^^'^^^', where the following operator 
product is required, 



j^-n-rn ^ ^ip-X{z) 



i)g;z)e*(P-""™)-^(^) 



: V2a'q ■ Hn+m-e {{n + m) 

(109) 
with \/2q! q ■ Hq = 1 and q ■ -ff,n<o = 0, the polyno- 
mial Hm having been defined in Appendix IA5I (See 
also comments below (|B13[) .) In the expectation value, 
{V^ S^'^V), this implies that we should only bring 
£^7""™ to the right to hit ^(A) ii n + m - £ < 0. 
Of these, the n + m — £ ~ subset will shift the 
vacuum momentum, p — >■ p — (n + 'm)q^ leaving the 
state otherwise unaltered, and the n + m — £ < 



A„-^£,-« • V{X) = ^ A„ • A, 






V{X) 



+ : 5nj ■ 



rn>0 

■ pe' 



^2a'A„-pe-*"'?-^(^V(A) 



{n<£) 

(110) 
Now, the same argument that applied to the second 
term in (|108p applies to the first term in (|110p and so 
again only the m = £ — n term will contribute in the 
sum over m to the expectation value {S ). Finally, for 
the first term in (|108p . for which n — ^ > 0, we commute 
A„ • Dg _„ through to the out state V^ using the fact 
that [S';^, Dt^_„] = and V^ ■ Df^_^ ^ E„.>o >^-mV^ ' 
^-n+m rpj^^ same argument as above applies and only 
the term m = n — £ contributes in the sum over m 
(which is consistent with n — ^ > as m is positive) . 

Identifying —q^ with l/{2a'p'^), the above consid- 
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erations arc summarized in the expression, 



(v^s^-v) = 

\ I GOV 
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1>Q 



^Im((A;-'B! 



GSE 



An • AjnO\ 



Tn^n-\-'Yn. 
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-£ 



\f ■ \ 
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-Alq-X{Q) 



= 1 m>0 




■.l^i 



ImfAi^A,^ • \o 



(111) 
and this is in agreement with the hghtcone gauge and 
classical computation. In going from the first to the 
second equality in (jllip there are a number of steps. 
Let us write f{n,m) = A„ • \mE'[^- Focus on the sec- 
ond parenthesis and recall from (|109p that one may re- 
place e~^^'''^ in the second term with EJ , which iden- 
tifies the second term as f{£,0). The delta function 
in the first term restricts the summations appearing, 

^ELlErn>o/("'™)^»,«-m f 5 Emil /(^ " "^' '^)' 

and when the resulting expression is combined with the 
second term, J2m=i ~^ Sm=o- Similarly, the delta 
function in the third term restricts the summations ap- 
pearing according to J2n=e+i J2m.>o /("> -'m)S ne+m = 
J2m<o /(^ — m,m). The second parenthesis in (|llip is 

therefore equal to i J2L=o /(^ " "^' ^) + Em<o fi^^ 
TO, TO,), half of the second term of which can be absorbed 

into the first term leading to ^ X]m=-oo /(^ ~ "^' ^ ~^ 
1 Sm<o /(^ — TO, m). After a change of variables in 
the second term, m' = m — i with m' G [i + l,oo), 
these two terms can be combined into the expression 
hJ2mezf(^ — m,m). On account of the fact that 
{V^ B^_^E'[^V) = 1 it follows that the first equality in 
(|llip implies the second. 

Collecting the classical, lightcone gauge and covari- 
ant gauge computations, we have shown that the longi- 
tudinal components of the angular momentum for the 
classical, lightcone gauge and covariant gauge compu- 
tations are in agreement. 




^Im(A;^A„ 



•A, 



(112) 



The non-zero mode contributions to the angular mo- 
mentum components involving 5"' , and S""*" , are all 
vanishing in the chosen coordinate system where g+ = 
(and q~ = — 1/p"'"). Recall furthermore that Aq = 
^/2a'p^ 

We have shown that there is a one-to-one corre- 
spondence between the covariant vertex operators (|92|) . 
lightcone gauge states (jlOip and classical macroscopic 
string evolution (|102p and (jl04p . The preceding angular 
momentum computations provide further support for 



the conjecture that the covariant and lightcone gauge 
descriptions are different manifestations of the same 
state, both of which have a classical interpretation. 



B. Closed String Coherent States 

In close analogy to the open string case above, we 
define a clos ed st ring coherent state, V{X, A, . . . ), to be 
a state that |2T3: 



(a) is specified by a set of continuous labels (A, A) = 
{A^, A^} (with A and A associated to the left- and 
right-moving modes respectively of the string) ; 

(b) there must exist a resolution of unity, 

^ = ^j d\d\\V{XX---)){V{\X---% 

so that the V{\, A, . . . ) span the string Hilbert 
space, T-L; 

(c) it must transform correctly under all symmetries 
of the bosonic (or super-) string. 

The dots "..." in V{\\,...) allow for the possibil- 
ity that the vertex operator depends on additional con- 
tinuous or discrete quantum numbers and these are 
all to be summed over in the completeness relation. 
(Wc will often not exhibit these latter labels explic- 
itly, and hence write instead V{\,X), or even Vyj^, all 
of which refer to the same object V{\,\, . . .).) The 
unit operator on the left is defined with respect to "H 
[213} . 1 • \V{\,\)) = |T^(A,A)). The measures for the 

case of interest explicitly read dXdX = Y\^ ■ — '^ — ^ 
with N a to-be determined normalization and as usual 
d^AJj ~ id\\^ A dA** (no sum over z), and so on. 

In the next two subsections we construct two real- 
izations of closed string covariant coherent states that 
satisfy the above definition. 



C. DLCQ Coherent States 

We next construct closed string coherent states 
that satisfy the above definition. Our first approach 
will be naive and we will discover that internal con- 
sistency requires the underlying spacetime manifold be 
lightlikc-compactified: 



X- 



X' 



2-kR- 



Quantization on a lightlike compactified background 

is known as 'discrete lightcone quantization' (DLCQ) 

163l - ll66l | . In the following section we shall make the ap- 



propriate refinements and construct coherent states in 
a fully non-compact Minkowski spacetime background. 
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The closed string coherent state candidate that we 
consider in this section is obtained by joining two copies 
of the open string state (|92|) , 



V{X,\) 



9c 



/ O +,; - ^AA CXP ^ ^ 



1 



-A„ • A^ 



?i=i 



oo _. 

cxp ( V — 



^n. ■ A^ — r 



m—1 



Jp-X{z,z) 



with the normaUzation, 



(113) 



C^i = exp I 



CXD 



^AA 



n=l 



chosen such that if we write V{z,z) = V{X,X,p), the 
most singular term in the operator product expansion 
is as in 



Viz,z)-V{0,0) 
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2p+Vd-iI\z 
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corresponding to 'one string in volume Vd-i as required 
by unitarity of the 5'-matrix, which was discussed in 
Sec. ini In operator language, we have: 

{V{\Xp)\V{\Xp))^1. |0,0;p)-5ce'^-^(^'^"). 

This corresponds to a relativistic unit norm normaliza- 
tion with, see ([55)) . 

(0,0;p'|0,0;p) = 2p+{2n)5{p+' -p+){2i,Y-H''-\v' -v)- 

Furthermore, (A, A) = {AJi,A^}, are the polarization 
tensors, defined by, A„ • g = 0, A* = A_„, and 
Yl^=i \^n\'^ < oo, and similarly for the anti-holomorphic 
sector {A^}. The real vectors pf^ and q'^ are as usual 
subject to the constraints ([?T|) . repeated here for con- 
venience: p ■ q = 2/a' , q^ = 0, and p^ = A/a' . 

First let us prove that the vertex operator (|113p 
is a coherent state by showing that the defining prop- 
erties (a-c) above are satisfied, (a) is trivially satis- 
fied, the state is specified by the set of continuous la- 
bels (A, A) = {AJ,, A',} a nd r emains normalized for ar- 
bitrary values provided jl59l | Yl^=i l-^nP + l^™P < oo. 
To prove that (b) is satisfied note that primarily that 
y(A, A) is an eigenstate of the annihilation operators, 
^l>o ■ ^ - K^ and ij,>o • y - Ky^ which follows 
from the DDF operator commutation relations ([55]) and 
the corresponding anti-holomorphic expression with An 
replacing A„. Therefore, we find the following inner 
product. 



{v{\Xp')\v{U.v)) 

= V,pC'AACccexp(^ 



n>0 



"A„ ■ Cn H A„ • C, 
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which reduces to unity when (A, A) = (C, C,) and p' ~ p. 
Note that 6pi^p is a Kronecker delta which reduces to 



unity when p+ = p+ and p' = p and vanishes other- 
wise. By then forming appropriate inner products and 
integrating we find that there exists the completeness 
relation. 



1 = Vd-i 



n 



"^ dp+ 
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with n = {l,2,...,oo} |214| . The phase space integrals 
are precisely as anticipated from Sec. |lTl and in partic- 
ular (|25p . for the sum over single string states. In the 
case of closed string coherent states therefore we see 
that the additional sums over quantum numbers in (|25p 
correspond to integrals over the polarization tensors: 



^^/(n 



2Tm 



n 



21m 



Finally, to show that (c) is satisfied we must prove 
that V{X, A) satisfies the Virasoro constraints, Lq-V = 
V, i„>o -V ^ 0. These are trivially satisfied given that: 
the DDF operators commute with the L„, L„ for all n, 
and the vacuum e^^'-^^^-^) is physical, Lq ■ e'^'^' = e*^'^, 
L„>o • e^P'^ = 0. Similar results hold for the antiholo- 
morphic sector with L„ replacing L„. Therefore, the 
vertex (|113p is a coherent state and respects the string 
theory symmetries. 



1. Functional Representation 

We postulated that closed string covariant coherent 
states are described by the vertex operator (|113p . These 
vertices however are not what we are looking for, and 
to see why let us normal order T^(A, A). To simplify the 
computation we initially assume that A„>o • A,„>o = 
and similarly for the antiholomorphic sector, and then 
generalize the result. The normal ordering procedure 
has been explained in great detail in Sec. IIIII for arbi- 
trary mass eigenstates, the difference here being that 
the coherent state T^(A, A) is instead a linear superpo- 
sition of mass eigenstates. As in the open string, the 
normal ordered version of (|113p is obtained by using 
the integral representation of the DDF operators ([SO]) . 
the integration contour being taken around the vacuum 
gip-x(z) g^j^^ ^ip-x(z) jpj. ^j^g holomorphic and antiholo- 
morphic sectors respectively. Holomorphy then allows 
us to shrink the contours and hence the computation 
only requires knowledge of the leading behaviour of the 
integrand close to the vacuum, which is determined by 
operator product expansions using the scalar propaga- 
tor, {X''{z,z)X''{w,w)) =-1^77^'' In Iz-wp. This pro- 
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cedure leads to, 
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X exp ( V" — A,„ • Hrn{z)e 

771—1 



-inq-X{z) \ ip-X{z,z) 



More generally, (i.e. had we not assumed that A„>o • 
Xm>o = 0) we would have found instead: 



V{\,\) = 



^/WVd-i 



C;,^(7(A)^(A)e^P-^(^'^"), 



(117) with U{\) defined below dMI, 
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and U{\) given by a similar expression with A^, z, 
^m,m{z) and H^{z) replacing the corresponding holo- 
morphic quantities. Note that the positive integers n, m 
need not be equal. 



2. DLCQ Coherent State Properties 

The underlying Hilbert space consists of the states 
we are superimposing in order to construct the closed 
string coherent states. These can be obtained by series 
expanding the exponentials which leads to an expression 
of the form. 



,A)(x 


y. 
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00 
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1,52,... }=0 



Pol[a#Xle*(P^^""""9'--^(^) 



^(P-Zlm ms„^q)-X(z) 
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with Pol[i9'^X] and Pol[9*X] being certain polynomi- 
als of the arguments which depend on the sets of un- 
correlated positive integers {si, S2, ■ • ■ } and {si, S2, . . . } 
respectively. Let us write N = X^i^i "^77 ^^^ N — 
'Y^'^=i i^Sn for an arbitrary sequence of positive inte- 
gers {si, S2, . . . } and {si, S2, . . . } respectively. We learn 
that the left- and right-moving momenta associated to 
a given mass eigenstate in piSp satisfy, k^ ^ k^ = 
— (TV — N)q^., the associated total momentum being 

fc^ = UK 



-k^) 



2 yv-^ I ..,pj;. It is therefore clear that we are super- 
imposing mass eigcnstates with asymmetric left-right 
momenta and so the manifold in which the coherent 
states live is in fact compact. This is an S^ compactifi- 
cation in a direction specified by the null vector q^. We 
can read off the radius of compactification directly from 
kh ^ kji or equivalcntly one may compute it by apply- 
ing the operator, ^ {dzdX^^ + dzdX^), (that measures 



the tot al ch ange in X^{z,z) in going once around the 
string jl23l |) to a mass eigenstate and identify the cor- 
responding eigenvalue with R^w, with w the winding 
number. This leads to w = N — N and i?^ ~ ^^ 1^ 
and therefore: R^ = 0. We learn that the underlying 
spacetime manifold is compactified in a light-like space- 
time direction, that is we are considering the DLCQ 
|l63l | of string theory. Lightlike compactifications show 
up in the connection of M(atrix) models to string the- 
ories: DLCQ of M-theory has been conjectured |l64| 
to be equivalent to U(N) su per Yang- Mills at fi nite N. 
(See for example, [iMUli and also fl67l - [l69J .l Al- 
though lightlikc compactifications are in general rather 
non-trivial jl66l | , various properties of a vertex operator 
in a lightlike compactified spacetime can be extracted 
rather straightforwardly as we show next. 

To become more explicit go to a frame where q~^ = 

g' = and q~ = -R~ which implies the identification 

(with X^ non-compact). 



X- 



X- 



2ttR- 
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This is shown schematically in Fig. [2] Let us go to 
the rest frame (in the lightcone gauge sense) where in 
addition, p* = 0. With this and the above ansatz for 
q^^ we can solve the constraints p^ = 4/a', p ■ q = 2/a' 
and q^ = which lead to the following expressions for 
the total momentum of a lightlikc compactified mass 
eigenstate. 



fcO 



-(- 



m^R- 



m^R- 



k- = M-- 

(120) 
and /c* — 0, with ni? ~ -^{N + N — 2), the mass squared 
of the particular mass eigenstate in the superposition 
"^ does not depend on R~ 



(jllSp . That m does not depend on R~ naively seems 
to imply that lightlike compactification does not change 
the mass spectrum of the uncompactified theory. How- 
ever, the Lq — Lq Virasoro constraint is already satisfied 
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FIG. 2: Lightlike spacetime compactification. The two-dimensional plane X'^-X^ is shown. In the figure on the right we are 
to identify the parallel grey lines such that X~ ~ X~ + 2-kR~ . The future lightcone of a given spacetime event is specified 
by the dashed lines. The aforementioned identification leads to the equivalent S x R spacetime cylinder on the left. Signals 
slower than the speed of light and lightlike signals in the negative X^ direction always propagate up the cylinder in the 
positive X+ direction. Lightlike signals in the positive X^ direction are stuck at X^ — const hypersurfaces. Causality is 
not violated (the spacetime is marginally causal). 



by the above state and so N need not equal N: the 
Hilbert space, H, contains all the usual states where 
N = N (and hence w = 0) but also includes additional 
states for which N ^ N (and w 7^ 0) without breaking 
conformal invariance. 

The Hilbert space "H admits the orthogonal decom- 
position, 



H = 0H. 



tuez 

such that vertices Vw € T-Lw wind a roun d the lightlike 
direction with winding number w |215J. Given that 
winding number is conserved (i.e. commutes with the 
worldsheet Hamiltonian, [Lq + Lt^ — 2,W] ■ Vw = 0), 
suggests that we can project out the winding states and 
thus obtain a vertex operator, Vg € "Ho, with (as we 
show below, see p. I35p coherent state properties which 
can be embedded in fully non-compact spacetime |216| . 
Given that (|120p is not of the standard form, k = 
ri/_R, for the tota l momentum in a compact dimension 
of radius R [l23j . one may wonder whether t he co r- 
responding wavefunctions are still single-valued j217l | - 
single- valucdness of the wavefunction is the reason as to 
why one enforces k = n/ R in the first place. That they 
are single valued can be seen as follows. Translations 
along a compact dimension whose direction is speci- 
fied by the vector i?^ arc generated by, exp (2TTiR ■ pj : 
X^(z, z) -> X^(z, z) + 27ri?^, with p'' the_total Noether 
momentum, P^ ~ -h § [dzdX^^{z) — dzdX'^{z)) . The 
excitations that appear in ^(A, A) (i.e. the polynomials 
of d'^X, d'^X) commute with -p and so single- valuedness 
of the vertex operator amounts to showing that: 

exp [2niR ■ p) exp (i/cl • X{z) + ik^ ■ X{z)) 
= exp (iki^ ■ X{z) + ik^ ■ X{z)) , 

for any mass eigcnstate in the superposition. Carrying 
out the operator products on the left hand side (with the 



contour integrals encircling z, z and ki, = p — Nq, /cr = 
p~Nq) it follows that the above statement holds true for 
the individual mass eigenstates with lightlike winding 
and hence is also true for the closed string coherent 
states. We conclude that V{X, A) is indeed single- value d 
under translations around the compact direction |218|. 
Curiously, lightlike compactification seems to be in- 
visible at the classical level when. 



^|A„p = ^|A„| 



n=l 



which is none other than the statement of "classical level 
matching", (N) = (iV), because 

00 00 

(7V)=^|A„p and (Ar) = ^|A„|2 

71—1 n— 1 

are none other that the expectation values of the num- 



ber operators, N = J2n 



>o' 



•a„ and TV = J2n>o' 



a„. Furthermore, classical level matching is required for 
consistency (see below). One way of seeing that lightlike 
compactification is invisible at the classical level is by 
directly computing the expectation value (p^) — (pr) 
(with respect to the state (J113p ) and showing that it 
vanishes, as this would imply that {X~{z,z) — x~) = 
—i{p£) In z — i{p^) In z + . . . is single valued as one tra- 
verses a spacelike direction of the worldsheet which is 
classically only possible if X~ is non-compact, i.e. if 

{X'{z,z) ~ x^) = -i(p")ln|zp + 

On account of (|115l) . it follows that [219l |. 



(X (z, z) — X ) 



i[{N)-l)Rr'\nz-i[{N) -1)R-\yyz 
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Notice that only zero modes contribute to the position 
expectation value in the covariant gauge version of th e 
state (|113p for a reason that was first realized in jl25l |. 
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and which we expand on in the following paragraph. 
For the X^ direction we find, 



{X+{z,z)-x+) 



2 R- 



■Inlzl 



(122) 



Recall that the operator Lq — Lq generates spacelike 
worldsheet translations, 

[Lo ~ Lo, X^(z, z)] = {zd - za)X^(z, z), (123) 

and that one of the physical state conditions is that 
states be invariant under such translations, 

exp[-ze(Lo - ^o)] -V ^V; 

infinitcsimally, |e| ^ 1, we have {Lq — Lq) -V = 0. Com- 
puting the expectation value, {\Lq — Lq,X^^{z,z)Y) = 
[zd ~ zd)(^X^{z, z)), with respect to a physical state V 
it then follows that 

{zd~zd){Xi'{z,z)) =0 

must be satisfied by any such state. This in turn ex- 
plains why there are only zero mode contributions in 
(|12ip and (|122[) (non-zero mode contributions would 
violate this condition), and secondly enforces classical 
level matching, 



{N)^{N), 



(124) 



translations |125j . Note that any covariant vertex oper- 
ator must satisfy (z9 — z9)(X''(z, z)) = 0, whether or 
not it has a classical interpretation. To get round this, 
one may fix the invariance of the state under such trans- 
lations (as done in |l25| ) but this is somewhat messy 
and not practical for general states. Alternatively, one 
may pick a gauge that explicitly breaks the invari- 
ance under such translations from the outset, e.g. static 
gauge. To see this notice that |22Cll | in static gauge, 
e.g. X° = a'p°T, X'^ = Ra and X'^ ~ X^ + 2ttR, from 
the outset where it is manifest that spacelike worldsheet 
translation invariance, a — > a+s, is broken by the gauge 
choice. Here (X*(cr, r)) = X^[((t, r) can be satisfied 
non-trivially because in static gauge states of the form 
e^""-'^e^""~'^\0,0;p^,p[^ ,p^) are physical without re- 
quiring the existence of a lightlike compactification. Un- 
fortunately, it is not known how to quantize the string 
in static gauge unless (starting from the Nambu-Goto 
action) one restricts to small fluctuations transverse to 
X'^,X^ with R large, in which case the leading term 
in the action becomes quadratic in the fields X'^ and 
the path integral can be carried out perturbatively in 
1/R. We would like to discuss the construction of quan- 
tum states which correspond to arbitrary classical solu- 
tions (e.g. solutions with cusps where the above expan- 
sion would presumably not suffice) and so this is not 
the approach we shall take here. A better solution is 
possibly to instead replace t he de finition of classicality, 
{X^^{z',z)) = X^^{z,z), with ^, 



so as to ensure that the operator (z9 — zd) annihilates 
(|12ip . Given that V{X,X) has an effective mass given 
by (m^) = ^{{N) + (N) - 2) it follows that the full 



2tt 



{:X^{a',T)X''{a,T):)= / ^,sX^^i(a'-s, r)X,^,(a-s, r), 



momenta are given by, (p ) = ^{m^)R ,{p+)=l/R , modulo zero mode contributions (recaU that z 
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enabling one to write: 



(X±(z,z)-x±) 



g-i(cr-l-ir) ^ 
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This implies that indeed as claimed above lightlike com- 
pactification seems to be invisible at the classical level. 
However, this result is not unique to lightlikc compact- 
ifications. In particular, notice that the reasoning fol- 
lowing (|123|) also applies in the case of spacelike com- 
pactifications, a;* ~ x* -|- 2ttR. In this latter case, in 
particular, one finds the consistency requirement: 



(p1> = {p: 



Rh 



Curiously, this seems to imply that toroidal compactifi- 
cation in general is invisible in such expectation values. 
That only zero modes contribute to the expectation 
values (|12ip and ()122|) of course docs not mean that the 
coherent state (|113|) does not have a classical interpreta- 
tion, but rather implies that the condition for classical- 
ity, {X^'{z,z)) = X^^i(z,z), with ddX'^^{z,z) = is not 
compatible with the symmetries of closed string theory 
when the gauge choice (covariant gauge in this example) 
does not fix the invariance under spacelikc worldsheet 



). Rather than fixing the invari- 
an ce un der cr-translations on the quantum side (as done 
in jl25l | ) we average over cr-translations on the classical 
side. 

The definition for classicality (jl26p is appropri- 
ate for states in any gauge (e.g. covariant or lightcone 
gauge) that does not fix the invariance under spacelike 
worldsheet translations and we will be making use of it 
when we present the construction of coherent states in 
non-compact spacetimes. For the states ()113p however 
there is yet another solution which is even simpler - the 
solution is to go to lightcone gauge, because in lightcone 
gauge the presence of lightlike compactification breaks 
the invariance under such translations thus making the 
classical-quantum map, (X''(z,z)) = X^j(z,z), possi- 
ble. 

Before we elaborate on the lightcone gauge con- 
struction, we would like to point out that one should be 
careful in drawing conclusions from statements of the 
form (|125p when the expectation value is evaluated in 
covariant gauge. One can argue that it is not permissi- 
ble to compute the expectation value of p23p give n tha t 
X^(z, z) is not a well defined conformal operator [l23l |. 
In lightcone gauge there is no such subtlety because the 



33 



constraints associated to quantum conformal symmetry 
are satisfied automatically by the gauge choice. 

Above we mentioned that lightlikc compactifica- 
tion breaks the invariance under worldsheet spacelike 
trans latio ns. To understand why this is the case recall 
that jl47l | in lightcone gauge the constraints [dX^ = 
[dXY — reduce to the operator equations a^ ~ 

2 1 'T^ ^^ and an = a/Xi^ fi^ - l), with 



(^0^ 



1 



Lq , Lq the transverse Virasoro generators |222| . There- 
fore, level matching in lightcone gauge corresponds to 
the statement, 



2 1 



(ao - a^)\V),, = V-7-+(U - Li)\V)xc, (127) 



This is similar to the open string case (|101[) : it is an 
eigenstate of the annihilation operators, QfJj^oi'5^n>0' 
with eigenvalues AJj, \\^, and of the momenta p+,p* with 
eigenvalues p'^ ,p^, respectively. The vacuum is normal- 
ized as in (l39l). 



{0,0;p'\0,0-p}=2p+{27T)S{p+'~p+){2nr-H^-'{p'-p). 



The position expectation value in the transverse direc- 
tions is therefore given by, 



a' p 



from which it follows that states compactified in a light- 
like spacctimc direction, for which a^ 7^ a^ (recall 
that Oq and Oq are the left- and right-moving momen- 
tum operators, a/^Pl ^^"^ \/ T'Pr repsectively), are 
not invariant under spacelike worldsheet shifts, {Lq — 
Lq)\V)\c ^ 0. Therefore, the above argument which 
led to (z9 — z9)(X'(2, z)) ~ docs not apply in light- 
like compactified spacetimes, X~ ^ X~ + 2ttR~ , thus 
implying that the classical-quantum map, (^X^{z, z)j = 
X^j(z,z), may be realized. We show next that indeed 
the lightcone gauge realization of the coherent states 
(|113p can be mapped in this way to arbitrary general 
classical solutions. 

According to the discussions in Sec. IIIII the light- 
cone gauge version, \V{X, A))ic, of the vertex (|113l) is ob- 
tained by the mapping, A^_,^ — ^ a^n and gc eV-x{z,z) _^ 
\0,0;p+,p'), so that 



{X\z,z)-x^)^^^{X^{z,z)-x^)^ 



with 
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.,:_pMn|zp + z^/-^-(A;z-" + A;z-"). 
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Furthermore, from the operator equations, a„ = 
■\{Ij^ — 5n,o)j we learn that in the longitudinal di- 
rections l223t. 
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(128) with 
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with the definitions 



we note also that (in lightcone gauge). 
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X+(z,z) = -z-p+ln|z|2 



and p'-p^ = p^, and as discussed above we are to enforce 
classical level matching, (N) = (N). For completeness 



Notice that in the rest frame, p^ = 0, the zero mode 
contribution in (|130p is identical to that found in the 
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covariant gauge (J12ip whenp"'" = \/R~ . The quantities 
(|129p and (|130p are none other than the general solu- 
tions to th e equ ations of motion, ddX^^ = 0, in light- 
cone gauge [170l | . We therefore conclude that indeed the 
classical-quantum map, (X^(z, z))ic = X^^{z, z), can be 
realized in a spacetime with lightlike compactification 
when this map is carried out in lightcone gauge. This is 
in accordance with the above considerations. Note that 
this is specific to lightlike-compactifLed spacetimes and 
does not apply in spacelike compactifications, because 
this conclusion relied on the left-hand-side of (|127|) be- 
ing non- vanishing. 

Finally, before we construct closed string coherent 
states in fully non-compact spacetime let us show that 
the angular momentum of the covariant gauge, lightcone 
gauge and classical descriptions are all identical, as we 
did in the open string case (|107l) above. For the closed 
string, 

J^^'^ = —( (fdzX^'^dX''^ - IdzX^^'dX''^), 

a'\J J J (131) 

with the zero mode contribution denoted by Lf^^, (given 
in a footnote on p. [SS]) and S^"' = S^'^'ia) + S'"'[a) 
with S^^{a) = ~i X^^li {'^-t'^'i ~ oi'LiCt'i) and a similar 
expression for the antiholomorphic sector, S^'^{a). We 
shall concentrate on the non-zero mode part: S^'^ . The 
derivation is almost identical to the open string case and 
so wc do not repeat it here, the only difference being 
that the open string normalization of the momentum is 
half that of the closed string: ipc = Po (although we 
don't bother to keep the subscripts when the context is 
clear). Wc find that for the transverse directions. 
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and for the longitudinal components. 
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(133) 
with in addition all components involving the + direc- 
tion equal to zero. This correspondence provides further 
evidence for the conjecture that the covariant gauge ver- 
tex operator (|113p and the lightcone gauge state (jl28p 
describe the same physics (share identical correlation 
functions) and are different manifestations of the same 
state which classically have a lightcone gauge descrip- 
tion given by p^ and P^ . 

Before delving into the coherent state construc- 
tion in non-compact spacetimes it is worth noting that 
the requirement of a lightlike compactified background 
in the naive construction of the current section is the 
cost of working in a standard gauge, namely lightcone 
or covariant gauge where all the string technology for 



amplitude computations is well developed. It is also 
possible to construct closed strin g coherent states in 
a modified lightcone gauge [l7l|, where the require- 



ment of a lightlike compactified background, X~ 
X~ + 2ttR~, gets replaced by the requirement of a 
spacelike compactified background, X^ ~ X^ + 2ttR^ . 
Here, instead of making the lightcone gauge identifica- 



tion X+( 



z,z) 



i^p'^ In jzp, one chooses X+(z, z) 



~i^ Pl ^"^z ^ i^ p^ In z, which in turn solves the con- 
straints in a manner similar to the lightcone gauge case. 
Here however, with the additional freedom of choosing 
p^ and pp independently it becomes possible to rotate 
the spacetime coordinate system in such a way that the 
resulting coherent states propagate in a space like rather 
than a lightlike compactified spacetime |224{ . 



D. Coherent States in Minkowski Space 

We next construct coherent states in fully non- 
compact spacetimes. We showed above that the coher- 
ent state pi3p . 



y(A,A,p) = 



V^p+W^ 



: C^i exp (^ 



E' 

n=l 



1 



-A,j • A—n 



X exp 



E 



-Am. ■ A^ — r 



Jp-X{z,z) 



satisfies all the coherent state defining properties but 
only when the underlying spacetime manifold is com- 
pactified in a lightlike direction of spacetime. Below 
(|120p we concluded that in addition to the usual states 
in the underlying Hilbert space which satisfy N = N, 
there were additional states for which N ^ N and these 
correspond to states with lightlike winding. This sug- 
gests that starting from (jl34p we may truncate the un- 
derlying Hilbert space and project out all states with 
N y^ N. The resulting states will be manifestly level- 
matched and will propagate consistently in fully non- 
compact (but also compact) spacetimes. 

To project out all states with N y^ N, thus leav- 
ing only N = N states in the underlying spectrum, we 
define a projection operator. 



p27T 

Jq 



W : 



— iPtPh 



PrPh) 



(135) 

with pf^ = ■^§SzdX'', p^ ^ -^ §azdXf', and W 
the lightlikc winding number operator. The Virasoro 
constraints associated to level matching read. 



Lo~Lq — 



(^ 



Pt+N]-[^PR + N 



y (pIpl - PrPk) + ^{pI-pI)+N-N 



0, 



(136) 
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from which the origin of the projector, G^, becomes 
clear: when G^ is applied to arbitrary vertices it 
projects out all states in the underlying Hilbert space 
except for those with lightlike winding number w. In 
the case of interest when there are no transverse com- 
pact directions, Pl = Pr = p^, we can equivalently 
write the covariant expression 



W 



-a p ■ w, 



where p^ = ^ (p^ +PR ) is the momentum of the vacuum, 
p2 — 4/q;', p ■ q = 2/a', and w'^ = ^{p^ — p'^) is the 
winding vector (see Appendix |X|) . Notice for example 
that for some generic vertex operator. 



W ■ P(d*X, d*X)e^^P~'^'''>'^^''^e^^P~^'''^'^^^^ 

(137) 
with P{d'^X, d'^X) the oscillator contribution that 



commutes with W . Then, covariant vertex operators 
without lightlikc winding will be given by. 



Vo{\,\)^Go-V{\,~\), 



(138) 



the dot denoting operator product contractions. Taking 
V{\, A) to be the coherent state (|134p we are to com- 
mute Go through the DDF operators, the relevant term 



givmg e' 



5l^pE~=i ii>'^-A-„ 



'\^-A. 



JsW 



with a similar relation for the anti-holomorpic sec- 
tor, with e^*"* replacing e*"*. This follows from the 
Baker-Campbell-Hausdorff formula, the commutators 
[W,A!_„] = n^i.„, [Vi^,i!_„] = -nAl„ , and th e ele- 
mentary Schur polynomial representation (|A12ap with 
"8 = 1! S^i (*"*)'' n-^n ■ ^-"- The resulting vertex op- 
erators are then the candidate quantum states to repre- 
sent arbitrary classical loops in non-compact Minkowski 
spacetime: 



^o(A,A;p) 



^2p+Vd- 



= C^-^ / ds exp I Y, -e"'^n • ^-n} exp | ^ -e'""'A,„ • A_™| 

1 ^ n— 1 m— 1 



^ip-X{z 



(139) 



r 



with: 



Caa = 



2tt 



dsexp 



CXD 

E 

Tl=l 



-|A„ 
n 



2 ins 



--|A„ 
n 



2 —ins 



-1/2 



(140) 
a normalization constant. The normalization as usual 
fixed by the 'one string in volume Vd-i condition, which 
leads to a unitary S'-matrix. As discussed in Sec.|lll this 
is equivalent to fixing the most singular term in the op- 
erator product expansion as in (|114p . which in our con- 
ventions, as discussed there, is equivalent to requiring 
that the state have unit norm. 



ip-X 



(l^o(A,A;p)|Fo(A,A;p))-l, |0,0;p)=g,e 



Note that the out state Vb(A, A)''' is given by Vb(A, A) 
with {A* }, An and ~p replacing {A„}, A_„ and p re- 
spectively (corresponding to Hermitian conjugation in 
Minkowski signature worldsheet), and similarly for the 
anti-holomorphic sector. 

We first check that p39p satisfies the defining prop- 
erties (a-c) of a string coherent state as laid out in the 
beginning of this section. The properties (a,c) are triv- 
ially satisfied because the state is still specified by a set 
of continuous labels and the projection operator (|135p 
does not alter the states in the underlying Hilber t space, 
T-L. The Hilbert space is instead truncated |225{ and so, 
given that any linear combination of physical states is 
also a physical state, the vertex (|139p must be physical. 
To check that (b) is satisfied, i.e. that a completeness 



relation exists for the projected states, we start from 
the co mple teness relation associated to the unprojected 
states [22g, the existence of which was established on 

p.m 

d24p 



1 = Vd-i 



n 



27r 
2Trn 



n 



(27r)24 
d^Af 



27rn 



Apply a projection operator, Gu 
expression to find that: 



|l^(A,A))(y(A,A)| 



on either side of this 



1„ 



dM(p)rfAdA|l4(A,A))(l/^(A,A)|, (141) 



where we write dfj.{p) = V^-i 



dp+ d'-'p 



d^At 



2-K (27r) 



^. d^ = n. 



d K 



id\\ A dX^j and similarly for the anti- 



holomorphic sector, dA, with AJ, replacing A^. We have 
defined, Gw = Imi, as Gw is none other than the unit op- 
erator, Itu, with respect to the truncated Hilbert space, 
T-Lw, which consists of all states with lightlike winding 
number w. To show this note that |K„) = Gw\V) and 
G^, = Gw (recall that Gw is Hermitian). From the lat- 
ter two expressions it follows that 



G,,, K„ 



IK, 



and so indeed G^ ~ t^. Thus, there exists a complete- 
ness relation for the projected states also, as required 
from the definition of a coherent state. 
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Note that if wc sum over w in p4ip we learn that, 
1 ^ J dti{p)dXd~X Y, |K,(A,A))(K,(A,A)|, 



W — — OQ 



with 1 the unit operator with respect to the larger 
Hilbert space H, and this serves as a consistency check. 
The Hilbert space of interest here is Tio which is the 
coherent state Hilbert space associated to non-compact 
spacetimcs. From the above considerations we conclude 
that (|14ip is indeed a resolution of unity with respect 
to Hwi and have thus shown that the string coher- 
ent state defining properties are satisfied by the states 
Vw{X, A;p). Next notice that because winding number is 
conserved, [H, W] •K;(A, X;p) = 0, with H = Lo+Lo-2 
the worldshcet Hamiltonian, the Hilbert space decom- 
position, H = ®iugz^M'j is indeed orthogonal; when 
all quantum numbers other than winding number are 
equal, (Kn|Ki) = Sm,n for vertices, Vm G Tim- Wc con- 
clude that vertex operators, 

Vo{X,X;p)^no, 

can propagate in fully non-compact spacetimes, and 
have shown in particular that the vertex operator (|139p 
is a closed string coherent state that can be consistently 
embedded in non-compact flat Minkowski spacetime. 

In a scattering amplitude that involves say n co- 
herent states Vo and any number of non-coherent states, 
one can drop the Go's in n — 1 of these vertices. To see 
this let us look at an example, say the elastic massive 
string forward scattering amplitude from an arbitrary 
closed string coherent state, Vq, 

(V^U^UVo) = {{GoV)^U^UiGoV)) 

= (V^U^UGlV) (142) 

= (V^U^UVo), 

with, U = P{d*X,d*X)e'''-^''^'^\ a vertex operator 



without lightlike winding, and we have used the fact 
that Go is Hermitian, commutes with U and squares to 
itself. 

The inner product associated to the projected 
states can be derived from the properties, 



Al,-Vo~Xl,V„, 



Al-Vo = Xl,V^, 
valid for n > 0, and. 



which follow from the DDF operator commutation re- 
lations. From these it follows that the constructed co- 
herent states are as usual over-complete, 



{VoiX,~X;p')\Vo{^,^;p)) = V-p^aaC^,? 



r.27r 

X / ds exp 
/o 



n n 



(143) 

and this reduces to unity when (A, A) — (^, £,). Wc have 
again made use of the fact that G§ = Gq. Note that 
Sp\p is a Kronecker delta which reduces to unity when 
p'^ ~ p^ and p' = p, with p and p' the momenta of the 
vacua associated to the in and out states, as above. 



1. Functional Representation 

The normal ordered version of Vo(A, A) analogous 
to (|117p can be derived from (|117p by computing the op- 
erator product, Vb(A, A) = Go-l^(A, A). In the particular 
case that A„>o • A„i>o = 0, one finds an expression iden- 
tical to (fT39l) with i/;(z)e-"9-^(^\ i/;(0)e-"9-^(*) re- 
placing AL„, A!_„ respectively, with an overall integral 
over s. 



^o(A,A) 



v/2p+V<i_i 



'AA 



rfsexp 



(Si- 



^An • Hn e 



-inq-X{z) 



) exp ( ^ -e-""^A„ • i?„ 



g-Mriq-X(z)^ ^ip-X(z,z) 



r 



ilM 



This follows from the general result (|85|) and (|139p , and 
the polynomials Hn{z) have been defined in ([75|. see 
also (HOI), (HI]) and ^^. Notice that this is still an 
eigenstate of p^,p^ if we make the choice q^,q^ = 
and q~ non-zero, as was the unprojected state V{X, A). 
Recall also that in the rest frame in addition to taking 
p* = wc are to take Hn{z) — > Pn{z) as discussed in 
Sec. IHII When the polarization tensors are arbitrary. 



subject only to the constraints A„ • q = (for all n G Z), 
we have instead: 



Fo(A,A) = 



9c 



27r 



with C/o(A) given by: 



, , ^„ Caa / ^sC/o(A)C7o(A)e^P-^(^'^"), 
^2p+Vd-i Jo 

(145) 
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L9/2J 



w) = EE 



^ot^o«K.9-2a)! 



E ■ 

n,??i>0 



pi{n-\-7n)s 

2nm 



-i{7i-\-7n)q- X (z) 



(E— An-i/ne-"^-^(^; 



n>Q 



g-2a 



r 



and UoiX) given by a similar expression with AJ,,, z, 
§m,m(^) and Hl^(z) replacing the corresponding holo- 
morphic quantities, and e~'^'* replacing e*^* for any 
integers N . The explicit form for Uq{\) has been de- 
rived from the general result (|85)) and (|139p . 

It is possibly useful at this point to give an ex- 
ample. The simplest coherent state vertex operator is 
when only A* = A^^ is non- vanishing and A • A = A • A = 
^n^±i = ^n#±i = 0- From (|144p and find that, 



Vq{z,z) = 



V^P+V7- 



:C 



AA 



X 



/O 

X exp 



f ascyip(ie''C-dXe~"^-^^'A (146) 



with 



C^ EE y{si ffq,), c ^ y% - fp\,), 



and 



\c\' 



lA 



ICT = |A|^ 



It is manifest that the s-integral serves to set the to- 
tal number of holomorphic and anti-holomorphic world- 
sheet derivatives to be equal in every term of the series 
expansions of the exponentials. 



2. Closed String Coherent State Properties 

We next derive various properties of the projected 
coherent states. Proceeding in a similar manner to the 
open string case, we map to the lightconc gauge states 
corresponding to (|139p or cquivalently (|145p . which are 
given by. 



|^o(A,A)). 



1 



V^P+Vd- 



:C 



AA 



'A„ • a_. 



^.exp(E-^ 

(E-e"™'^'"-"-™)|0'0;p^.?'" 



X exp 



T7l — 1 



(147) 

Let us consider the lightcone gauge classical solutions, 
X^j(z, z), corresponding to this state. Having projected 
out the lightlike winding states, worldshect translation 
invariance is restored (in both lightcone and covariant 



gauges) and according to the discussion on p. [35] the 
condition for classicality {X^{z,z)) = X^i{z,z) is re- 
placed by (jl26p . rewritten here for convenience in the 
(2, 2) = (e~*('^+*'^\ e*^'^"''^^) coordinate system with the 
zero mode contributions explicitly subtracted, 

( : [X^(2', 2') - x^'] [X^iz, z)~x'']:) = 
/ ffs[X^(2V^2'e-'")-a;^]^^[X"(2e'^2e-'")-x'']^^. 

JO 

(148) 
Given that we know the classical solution, i.e. the right- 
hand-side of (|148|) . in lightcone gauge, see (|129p and 
(|130p . we estabhsh (|148p for the projected states in 
lightcone gauge. For the transverse directions, i, j, to 
evaluate the left hand side of (|148p in the state (|147p . 
we make use of the closed string mode expansion, 



X'{z,z)-x' 



-i — p' In \z\ 



la' ■r-^ 

2 ^-^ n 



+ al,z "), 



(149) 



and the fact that: 



(150) 



Sn,m, which follow from the oscil- 



and {Vn\Vm)ic 

lator commutation relations, [Q;J,,a^„] = nSn+mfiS''-' , 

[(5^,5^] = nSn+m^oS'^ and Gj„ = Gi„, Gl,Gr,i = 

Sw.mGm- Furthermore, we have (K,|a!_„ = \^{Vw-m\ 

and p*|Vo) = p*|Vb). From these expressions we learn 

that, 

{{X\z\fJ)-x^][X^{z,z)-x^:) = 

-{^ypVln\zfln\zn^Y.U'-'-(^ 



n^O 



+ AJ.A-(|)"-A;A^(-L)"-A:.A^(i^) 



(151) 

It is trivial to show that this expression is identical to 
the right-hand side of (|148p when. 



{X\z,z)-x^) 



~i—p'\n\z\ 



■^^/yE^(^n^""+^n^"")' 



(152) 



thus proving that the definition of classicality (jl26p is 
satisfied by the projected coherent states, at least for the 
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transverse directions. For the longitudinal directions, to 
evaluate the left-hand side of (|148p in the state (|147p . 
we make use of mode expansions, 



(153) 



X-(z,z)- 


X = —i—p In zp 


+ iy 




X+[z,z) = 


-i-p+ln|z|2 
2^ 1 1 


We find that. 





{■.[X-iz',z')-x-][X^iz,z)-xq:) 



'\ 2 



-j (j5-yin|zrink| 

'^^i A„ — -— 






(154) 



^,^ ^,^ —r- 
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where we have found it convenient to write, 

1 V^ 1 A 



a: 



/2a 






V^ 



with a similar expression for A~ with A„ replacing A„. 
This is computed using the fact that the a~ are de- 
termined entirely in terms of the ajj, according to (for 

n^O), 



— -y 



71— rr •' 



and similarly for a„ with an replacing a„ , which follows 
from the relations (jlSOp . and from the commutation 
relations [L:^,al^] = -na^+„, and [i;^, a*„] = -na^+™ 

with i;!; = w ^p+Qfj^ and L;J; = J^p'^a:^ (for n 7^ 0). 
The n = term yields the lightcone gauge Hamiltonian, 

P" = 7^7(^0 +"o)' withacT = v¥^ W - 1)' and 
1 



P 



a'p+ 



u 



Li 



The expectation value of the lightcone gauge Hamilto- 
nian is in turn given by. 



ip- 



1 



a'p+ 



n>0 



n>0 



I A, 



.p-2), 



exactly as for the DLCQ coherent states, and there is 
again thus an effective level number for the left- and 
right-movers {N) J2n>o l^"l' and (N) = ^„>o |A„|2 re- 
spectively. For the right-hand-side of (|148p . the com- 
putation is the same as for the transverse directions. 



given that the integrals do not see the polarization de- 
pendence, and so the result is as in (|15ip but with A^ 
replacing AJj in accordance with the above result. 

Similarly, for the X^X^ directions, the result is: 

{■.[X-{z\z') ^ x-][X-{z,z) - X-]:) 



'\ 2 



■.ip-r:)\n\z'\'\n\z\ 



Y.^[^n- 



n^O 



A„A„ 



A,i A„ 



+ A„ A„ 



(155) 

whereas for the X X+ and X^X^ directions only 
the zero modes contribute, because (X'^ — x^^) = 
-i^(p^)ln|z|2 (with/i = {±,z}). 



(:[X^(z',z')-2:1[X+(z,z)]:) 



'\ 2 



^) (p>+ln|zf ln|z| 



(156) 



We have thus proven that (|148p is indeed satisfied for 
the lightcone gauge coherent states (|147p . in all space- 
time directions. 

Furthermore, from (|15ip it follows that the rms 
transverse distance from the center of mass to an arbi- 
trary point on the string, r = ■\/((X(z, z) — x)^), in the 
rest frame, p = 0, is given by. 



T E A (l^"l' + l^"l' - 2Re(A„ • A„e- 



2 ^^ n- 

n>0 



2inrM 



(157) 

where we have Wick rotated back to a Minkowski sig- 
nature worldsheet, r = jtm. The vertex operator (|147p 
and by extension (|144p clearly represents a macroscopic 
string when A„ and A„ satisfy. 



E ^2(1 



A„P + |A„|2-2Re(A„-A„e 



— 2m7Tvi ^ 



ri>0 



>1. 



Recall that we are to enforce X]ti>oI'^"I^ ^°° and sim- 
ilarly for the antiholomorphic sector in order to ensure 
that t he co herent state vertex operators are well be- 
haved fisoj . 

Let us compare the result (|157p for the size of a 
string with the naive estimate for the length or size 
of a string, £ ^ y^a'{N), which follows from, m^ff ^ 
4:{N)/a' and rrics ~ fJ.i (with rUcs = {ni), /i = l/(27ra') 
the string tension and i its length). Recall that (N) = 
I]n>o l^"l^' and therefore. 



^ Z^7t>0 n^ I Art 



< 1. 



For an arbitrarily excited cosmic string where arbitrar- 
ily large harmonics, n, contribute to (N), 

€< Va'(iV), 
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and so the naive estimate i ^ yJa'{N) breaks down 
when the contribution of high harmonics is significant. 
This is of course to be expected, because the presence 
of high harmonics imphes also that greater amounts of 
energy are concentrated in a smaller region of space. 

We next show that the non-zero mode components 
of the angular momentum, S**^ , and 5*" associated to 
the covariant gauge coherent vertex operator (|139p . that 
associated to the corresponding lightcone gauge state 
()147p and that of the classical solutions (|152|) are all 
equal to the expressions found for lightlike compactificd 
states (|132p and (|133p . re- written here for convenience: 
for the transverse directions. 



n>0 



h 

n 



(158) 



and for the longitudinal components. 



{s- 



{s-% 



s: 






An A„ 



^m-l ■ 



m>o fez 



^1 -^m) 1 

(159) 

with in addition all components involving the -I- direc- 
tion equal to zero. The derivation of these expressions 
is almost identical to that described in the open string 
coherent state section. The three modifications that are 
worth mentioning are: (a) the covariant and lightcone 
gauge projected vertex operators are not eigenstates of 
the annihilation operators, there being instead the re- 
lations ()150p for the lightcone gauge and. 



^m>0 



^o(A) 






\i TD—n 



V-,n{\)- 



(160) 



for the covariant gauge; (b) there is a single s-integral 
due to the property mentioned with an example in (|142p 
and so we do not need the relation analogous to (jl60p 
for the longitudinal direction; and (c) there exist the 
orthogonality relations, {V^Vm)cow = <5™,m, (14|Kn)ic = 
5n.m in covariant and lightcone gauge respectively. 



with the expectation value defined in terms of a path 
integral over embeddings, 



{{V\z,z)V{w,w))) 






d/2 



(162) 



X / VXe-^^^^ V\z,z)V{w,w), 



with S\X] = 1^^ J cPzdzX-dzX the usual Polyakov ac- 
tion, the worldsheet Laplacian, A(o) = —2g^^dzdz, and 

the measure defined according to: JX'Xe""'^" Z*'^" = 
1 with \\SXf = J^d^Zy/gSX ■ 5X. This will in turn 
confirm that the normalization of the functional rep- 
resentation of the coherent state (|139|) . namely (|144|) . 
is consistent with that obtained by operator methods, 
namely (|140p . Note furthermore, that the statement 
(|16ip is equivalent to the CFT statement (p8)) that was 
derived by the 'one string in volume Vd-i' requirement 
that leads to correctly normalized S'-matrix elements. 
To simplify the computation we will consider the case 
when there is only a single harmonic present (in the cor- 
responding lightcone gauge state) and work in the rest 
frame, where the vertex operator interest is of the form, 

V{z,z) ^C I Sse^p (- e™"A„ • P„ e~™«-^(")) 



X exp 



g tms^ p ^-imq-X{z)\ ^ip-X(z,z) 



(163) 

We are to choose the normalization constant C such 
that (J161I) is satisfied. From the definitions of the di- 
mensionless quantities P-niz) and Pj^iz), defined (we 
use units where a' = 2 in this section) in ([74]) , it follows 
that we can equivalently write. 
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provided we define the operators: 



V. CONSISTENCY CHECK 

In this section we would like to check that the co- 
herent state vertex operators (|144p have the correct sin- 
gularity structure (i.e. that required by conformal in- 
variance) when two vertices approach on the worldsheet, 
namely: 



lim {{V''{z,z)Viw,w))) 
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5f, (165a) 



dl (165b) 



and, taking into account the constraint enforced by the 
s-integral, 77a = 7776, 



J^(z',z') = <5'(z-z')(f 



^^ - 77ag^ 
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(166) 
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Using the generating function, (l^e^ J "^ zj(z,z)-x(z,z)\j^ _ 
i(27r)'*J'^(Jo)e-4-/''^'^^'''"''^(^'^)-'^(^''^")<=^'(^'^'\ with 



G{z,w) the closed string propagator, it follows that 
the path integral over embeddings reads: 



{{vHzrz)v{w,w))) = \c\' dsY. 
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7reS'2a + 2b/~ 9=1 
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where we have taken into account the fact that in the 
rest frame A™ • p = A„ • p = 0, and of course Am • q = 
An • 9 = holds i n al l frames. Sx is the symmetric 
group of degree X |l48l |. the group of all permutations 
of X = 2a + 26 elements, and the equivalence relation ^ 
is such that tt^ ^ ttj with iTi^iTj S Sx when they define 
the same element in (|167l) . We have also defined: 



T^3^ 



{vl{z),...,Vi{z),Vl{z),..., 
>■ ^' .. ' ^' .. — 



^t 



Vn{w), . . .,Vn{w),V,n{w), 



^}. 



with the operators Vn{w) and Vn{w), given by: 



(168) 



Recall that the multi-loop scalar propagator is of the 
form, 



G{z,w) 



\n\E{z,w)\'^+27rlm ui {lmn)Jj Im / 



wj, 



(172) 
where the prime form, E(z, w), has the unique property 
that for any two points on a genus h Riemann surface, 
lim2__j.j„ E{z, w) ~ z — w + . . . ; the zero mode contribu- 
tion is non-singular in this limit. Furthermore, we have 
made use of the identity: 



EH 



'r=l 



i+r nl {n~l)l je + r-iy. 

ei{n - £)\ r\{n - r)\ {£ - l)!(r - 1)! 



n ^ — ^ 



1=1 



Vmiw) = Xr, 



E'^. 



(^-1)! 

7 

{m,w) 



d' 



(169) 



fit 

(^-1)! ™' 



with similar expressions for V^iz) (and 7'^(z)) with 
-_A^ (and -A,*) replacing A„ (and A^) in 'P„(z) 
(Vrniz))- The modified elementary Schur polynomials 
are defined in (jA17p . Carrying out the sum over permu- 
tations, and using the fact that the modified elementary 
Schur polynomials (jA17|) in the appropriate limit are of 
the form, 



Sn-e{n,z)\ 



-,n)-(^-i 



Sn^iin,w) = (-)"+''5„_^(n,z) 



(z — w) 



(170) 



with a similar result for the antiholomorphic quantities, 
with z, w replacing z, w, one can show that the most 
singular term of the two-point function (jl67p in the limit 
z — ?► w is: 



{{V^{zrz)Viw,w)))\^^^ 



E 

a,fc=0 



a\h\ 



|A™r' 



(171) 



From ()17ip wc see that if we choose the vertex op- 
erator normalization, 



C = gc 



ds exp ( - 



|A„| 



|A™P 



-1/2 



(173) 

the fundamental requirement (J16ip is satisfied. This 
is precisely the vertex operator normalization expected 
from the operator formalism (|140p when we identify 
g^e^P'^^^'^^ ~ |0, 0;p), when the relativistic normaliza- 
tion (0,0;p'|0,0;p) = 2p+(2tt)6{p + ~ p+){2T:y-^{p' ~ 
p) is used, and the vertex operator is written in terms 
of DDF operators, as discussed above. With these 
conventions, the corresponding state has unit norm, 
{V\V)^1. 

Note that we are required to interpret the quantity. 



w w 

lim 2tt Im / ujj (ImO) , , Im / 
^-s-™ J • J 



wj, 



in order to reach the conclusion (|17ip . This limit is 
not single-valued and it is to be understood that we 
choose to take the limit such that it vanishes (which 
is trivially true at one-loop, but not in general true at 
higher genus, and the corresponding result in that case 
is path dependent). 
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VI. DISCUSSION 

We have presented a construction of a complete set 
of mass eigenstate covariant normal ordered vertex op- 
erators and a complete set of (open and closed string) 
covariant coherent state vertex operators with all con- 
straints solved completely. The construction became 
possible by making use of DDF operators which enable 
one to translate between lightcone gauge states and co- 
variant vertex operators. The coherent state vertex op- 
erators are potentially macroscopic and are in one-to- 
one correspondence with a classically evolving string - 
this suggests that they be identified with fundamental 
cosmic strings. 

In the next few paragraphs we briefly discuss and 
elaborate on the underlying structure that has been 
uncovered. We start with a discussion of the general 
covariant mass eigenstate vertex operators, and this is 
followed by a discussion of the more elaborate coherent 
state vertex operators. 



angular momenta and we conjecture that they also share 
identical interactions. It would be useful to check this 
conjecture, possibly by performing amplitude computa- 
tions on both sides of the correspondence and checking 
that there is agreement. 

Due to the explicit presence of transverse indices 
on the resulting covariant vertex operators, one may 
wonder whether these are truly covariant (in the space- 
time sense). The answer is that they are covariant but 
not manifestly so. This is made clear by the two exam- 
ples (|55)) and ([75]) (the first of which has already been 



given in 130f ) , which have been re- written in such a way 



that the resulting polarization tensors and momenta can 
have all spacetime components non-vanishing, not just 
the transverse ones. Thes e ver t ices can be inserted into 
covariant path integrals |l23l . Il42l | and one need not 
make the covariance manifest in order to do so. 



B. Coherent state vertex operators 



A. Mass eigenstate vertex operators 

One of the key features we have uncovered is that 
elementary Schur polynomials (equivalently complete 
Bell polynomials), Sminq;z), and the related polyno- 
mials, H'n{z) and 'Bm,n{z), all of which are defined in 
Appendix [^ play a fundamental role in the construc- 
tion: arbitrary flat space vertex operators can be repre- 
sented in terms of elementary Schur polynomials as we 
have shown explicitly in ((57)) and (|85p . The traceless 
subset of these is given by the vertex operators ([7^ . 
These polynomials have useful integral representations 
which facilitate path integral computations. 

B uildi ng on the observations of D'Hoker and Gid- 
dings jl30l | , the use of DDF operators has enabled us to 
present an explicit one-to-one map between the light- 
cone gauge states and covariant normal ordered vertex 
operators. In the case of traceless polarization tensors 
there is a simple prescription: to construct the normal 
ordered covariant vertex operator corresponding to a 
given lightcone gauge state we make the replacements 

dsni). 



a 

|0,0;p+,p^ 



-^ 



9c e 






In the general case (when the polarization tensors are 
not traceless), the corresponding map has been iden- 
tified in Sec. IIIIFI The spacetime vectors, p^,q^, are 
defined for the closed string in ([5T|) and for the open 
string in ((62)) . q'^ is transverse to all oscillator indices 
and the overall normalization and polarization tensors 
are then the same on both sides of the correspondence. 
States on both sides of this map have identical masses. 



The DDF construction has also enabled us to con- 
struct a complete set of closed and open string coher- 
ent state covariant vertex operators, i.e. states charac- 
terized by continuous labels (namely the polarization 
tensors A^, A^), which transform c orrec tly under all 
symmetries of bosonic string theory |227l | . The precise 
definition of a coherent state vertex operator, that we 
suggest is appropriate in the context of superstring the- 
ory, can be found in the opening lines of Sec. IIV Al and 
Sec. lIVBl for the open and closed string respectively 



228l | . One of the most important features of these ver- 



tex operators is that they have a classical interpretation 
- what we mean by a state with a classical interpretation 
has been explained in the opening lines of Sec. IIVI The 
rms transverse distance from the center of mass to an 
arbitrary point on the string, sec (|157p . is arbitrary and 
specified by the magnitude of the polarization tensors 
AJj, AJj - when |A„p » 1 these strings are macroscopic 
with expectation values evolving according to the classi- 
cal equations of motion, and may therefore be identified 
with a toy model version of the macroscopic fundamen- 
tal cosmic strings. A more realistic version would be the 
corresponding superstring construction with an appro- 
priate compactification of the extra dimensions - this is 
currently under investigation. 



C. Open string coherent states 



The open string coherent states ((92|) are con- 
structed from a linear superposition of the open string 
mass eigenstates of Sec. IIIIl The spacetime set-up we 
have in mind here corresponds to a vertex operator for 
an open string attached to a single Dp-brane or two 
parallel Dp-branes (of the same dimensionality), the so 
called p-p string vertex operators NN and DD. The con- 
struction of the more general p-p' vertex operators with 
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possibly mixed boundary c ondit ions ND and DN would 
also be interesting, see e.g. |l53l |. We have concentrated 
on strings with excitations within the D-branc worldvol- 
ume (i.e. polarization tensors with non-zero components 
in directions parallel to the brane), the corresponding 
transverse excitations which have the interpretation of 
ripples o f the brane being related to these via T-duality 
|14lll54{ . Apart from these, there are also open strings 
with excitations in both the transverse and tangent di- 
rections relative to the brane. 

Wc have also provided a one-to-one correspondence 
between every open string covariant coherent state ver- 
tex operator, the corresponding lightcone gauge descrip- 
tion and finally the classical solutions to which these 
vertex operators correspond to. We computed the an- 
gular momentum and mass of these states and showed 
that there is agreement between these three descrip- 
tions, sec pITT)) and pi^ . 



D. DLCQ closed string coherent states 

The closed string coherent states we have consid- 
ered are composed of two copies of the open string. 
The construction (|113p . of Sec. IIVC [ with the corre- 
sponding lightcone gauge expression J229| (|128|) . is only 
consistent in a spacetime with lightlike compactification, 
X~ ^ X~ + 2ttR~ , see Fig. [2] The normal ordered ex- 
pression has been given in (|117p for the case of traceless 
polarization tensors. Although these states are presum- 
ably not phcnomenologically relevant (at least if they 
are interpreted as cosmic strings because lightlikc com- 
pactification breaks 4-dimensional Lorentz invariance), 
they serve as a good starting point for the more refined 
closed string coherent state construction of Sec. IIVDI 

The lightlike compactified coherent states, nev- 
ertheless, have many interesting features and may 
have other applications: lightlike compactification also 
known as Discrete Lightcone Quantization (DLCQ) 
[l63l Il66{ of M-theory (which reduces to type IIA su- 
perstring theory when the radius of the ll"^ dimen- 



sion is taken to zero) has been conjectured jl64| to be 
equivalent to finite N U(N) s u per Y ang-Mills, see also 



and [l67l4l69i j230t . Therefore, there 



should be a one-to-one correspondence of the (super- 
string version of the) DLCQ vertex operators of the 
current paper, to the U(N) super Yang-Mills spectrum 
of states. A co ncise overview of these developments 
can be found in |174| |. Although the present article is 
specific to the bosonic string, many of these results go 
through to the superstring as we hope to show in a 
forthcoming article. The DLCQ coherent states have 
been shown to have certain perhaps surprising features: 
even though X^ ^ X^ + 2ttR^ the expectation value 
is single- valued: {X~ {a + 27^ , t)) = {X~{a,T)) with 
all spacetime components being non-trivially consistent 
with the classical evolution, dzdgiX'^lz^z)) = 0, see 
dUni), (|T^ and dHH). This presumably implies that 



lightlikc compactification is a quantum-mechanical ef- 
fect which is invisible at the classical level - it may be 
interesting to understand what the corresponding im- 
plications are. 

There are certain subtleties here, related to 
whether the vertex operators are invariant under space- 
like worldsheet shifts or not: when vertex operators 
are invariant under such shifts, the expectation value 
(X^(z, z)) cannot satisfy the classical equations of mo- 
tion non-trivially |125l | . This seems to be a gauge depen- 
dent issue that is not related to whether vertex opera- 
tors have a classical interpretation or not. For example 
in lightcone gauge, lightlike compactification breaks the 
invariance under spacelike worldsheet shifts (while pre- 
serving conformal invariance) and this is why the expec- 
tation values arc compatible with the equations of mo- 
tion (|129p and (|130p . Indeed, for every classical solution 
to the equations of motion there is a lightlikc compact- 
ified coherent state with expectation values consistent 
with these equations of motion. These are subtle issues 
and have been explained in great detail in Sec. IIVCI 
For example, the covariant gauge version of the coher- 



ent state (J113p is invariant under spacelike worldsheet 
shifts and so docs not satisfy the equations of motion 
non-trivially: there is only the zero mode contribution 
(jl25p with a similar expression for the transverse in- 
dices. 

Wc suggest that states with a classical interpreta- 
tion that are invariant under spacelike worldsheet shifts 
should satisfy the equation (jl26p . which may be inter- 
preted as a definition of classicality for such states. In 
fact, this definition is relevant for most states with a 
classical interpretation: all states in lightcone or covari- 
ant gauge in a spacetime without lightlike compactifi- 
cation are invariant under such shifts, whether or not 
they have a classical interpretation. Static gauge on 
the other hand breaks the invariance under shifts and 
so instead the definition {X) = X^i is appropriate. 

Another interesting feature is the mass-shell con- 
straint, which is identical to the usual expression for 
non-compact spacetimes, rr? = 2(A^ + TV — 2)/a', but 
with N not necessarily equal to N (without breaking 
conformal invariance): the radius of compactification, 
i?~, does not appear in this expression. Furthermore, 
there is a rather curious dependence of the total zero 
mode momentum on i?~, see (|120p . 

Finally, as a consistency check we have also shown 
that the covariant vertex operator (|113p and the light- 
cone gauge state (|128p have identical angular momenta 
in all spacetime directions which is in agreement with 
the corresponding classical computation, see (|133p and 
(|132p . This, together with the fact that there is a 
one-to-one correspondence between the covariant and 
lightcone gauge states, supports our conjecture that the 
lightcone gauge states (jl28p and the covariant vertex 
operators pi3p arc different manifestations of the same 
states and therefore share identical interactions. 
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E. Minkowski space closed string coherent states 

Consistency in the above closed string coherent 
state construction led to the requirement of a lightlike 
compactification of spacetime, which led us to identify 
these vertex operators with DLCQ coherent state ver- 
tex operators. Our main objective has been to con- 
struct covariant coherent state vertex operators that 
may be identified with the fundamental cosmic strings, 
and therefore the requirement of a lightlike compact- 
ification is possibly too constraining. In Sec. IIVDI we 
have shown that, with an appropriate projection, closed 
string coherent states can consistently be embedded in 
a spacetime without lightlike compactification: start- 
ing from the DLCQ coherent states we project out the 
lightlike winding modes and end up with a vertex op- 
erator (|139p that satisfies the definition of a coherent 
state, see Sec. IIVBI and has a classical interpretation. 
The corresponding normal ordered vertex operator is 
given in (|144p for the case of traceless polarization ten- 
sors. By projecting out the winding states, translation 
invariance is restored in both lightcone and covariant 
gauges and so the relevant definition of classicality is 
p26p . which as we have shown (|15ip is satisfied by the 
projected states. 



F. Outlook 

An immediate application for the coherent state 
vertex operators is in fundamental cosmic string evo- 
lution: it is likely that these are then the correct ver- 
tex operators for the description of cosmic strings and 
it is now possible to search for discrepancies between 
the classical computations and the string theory pre- 
dictions. Here the coherent states are useful not only 
because they correspond to an exact perturbative de- 
scription of an arbitrarily excited macroscopic cosmic 
string, but because gravitational backreaction which is 
almost always neglected in the classical computations 
is automatically taken into account in string perturba- 
tion theory. In a forthcoming article we hope to present 
the first such computation of the gravitational radia- 
tion from cosmic string loops, including the effects of 
gravitational backreaction. 

A particularly interesting set-up is the gravita- 
tional radiation from strings with cusps which classi- 
cally have been shown [TJ, [75| to lead to strong signals 
that may be detected in the gravitational wave experi- 
ments Advanced LIGO and LISA. It is likely ^ that 
the effect of extra dimensions can play a significant role 
in the damping of the cusp signal, although it is also im- 
portant to better understand how the size of the extra 
dimensions constrains the statistically favorable config- 
urations of long strings. Cusps are likely to be a generic 
feature of string with junctions as well [65|. Recent evi- 
dence [73I also suggests that for string loops with junc- 
tions the kink signal plays a more significant role than 



does the gravitational wave signature from cusps, al- 
though one might expect the number of loops with junc- 
tions to be smaller than the number of loops without 
junctions. It might be that gravitational backreaction 
plays a significant role in all these computations |78| . 
especially close to cusps and kinks on cosmic strings 
and therefore it is very important to carry out the cor- 
responding string theory computations and check that 
there is agreement. In any case, given the quantum na- 
ture of fundamental cosmic strings, it is important to 
check that the evolution is predominantly classical and 
that quantum effects are small. 

Another interesting avenue is the comparison of 
mass eigenstates and coherent states. A number of de- 
cay rate computations of mass eigenstate vertex opera- 
tors have been carried out, see e.g. [52, [53, [55l - l6]| . al- 
though explicit results have been limited to vertices on 
the leading trajectory (i.e. first harmonics only excited), 
where for example one does not expect to find non- 
degenerate cusps. At the qualitative level these are in 
line with one's geometrical classical expectation: mass 
eigenstate vertex operators corresponding classically to 
rotating circular loops are more stable than vertex op- 
erators corresponding to collapsed rotating loops for ex- 
ample [531, thus showing that these states do share at 
least certain characteristics of the classical evolution. 
However, the spectrum of gravitational radiation from 
mass eigenstates does not match the corresponding clas- 
sical computation (53. It will be interesting to deter- 
mine how the mass eigenstate amplitude computations 
compare with the corresponding coherent state vertex 
operator computations. 

Finally, we mention also an analogy with standard 
point particle quantum mechanics. An important fea- 
ture of harmonic oscillator coherent states is that in the 
presence of interactions an initial coherent state, |V'(0)), 
remains a coherent state when the Hamiltonian is lin- 
ear in the operators of the Heisenberg-Weyl group, H4, 
e.g. a, a^, 1 and a^a with [a^,a] — 1. That is to say, 
if H{t) = huja^a + j{t)a^ +j*{t)a and j{t) ^ 0, the so- 
lution to the Schrodinger equation, idt\ip) = H{t)\ip), 
reads [161I, |^(i)) = exp(A(i)a^ - A*(t)a)|0)e-*''W, 
with X(t) = -ie-"^* J*dTe"^^j*{T) and r]{t) = ^tvt + 

/g (irRe[j(T)A(r)]. Therefore, in the presence of inter- 
actions the resulting state is a coherent state for all i, in 
accordance with the above statement. It is conceivable 
that this remains true in string theory, i.e. that coherent 
states evolve into coherent states at least at weak cou- 
pling, and it would be interesting to establish whether 
this is indeed the case. In the cosmic string context 
this is related to the question of what the final state 
of a radiating cosmic string is, or whether interactions 
preserve the classical nature of cosmic strings, questions 
that can be addressed using the coherent state vertex 
operators that we have constructed. 

The developments presented here are expected to 
lead to greater insight into the observational prospects 
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of cosmic strings, and in a wider sense of string theory. 



Acknowledgments 

The authors arc gratefully indebted to Joe Polchin- 
ski for providing crucial insight and suggestions which 
ultimately made the coherent state construction in non- 
compact spacetime possible. DS would also like to 
thank KITP, UC Santa Barbara, for hospitality dur- 
ing the initial stages of this research and Joe Polchin- 
ski for interesting him in this project. Both authors 
have benefitted from discussions with Diego Chialva. 
DS would also like to thank David Bailin, Jose Blanco- 
Pillado, Edmund Copeland, Robert Dijkgraaf, Paolo Di 
Vecchia, Kevin Falls, Joao Penedones, Sanjaye Ram- 
goolam, Oliver Rosten, Xavier Siemens, Andrew Stro- 
minger, Arkady Tseytlin, Tanmay Vachaspati, Eric Ver- 
linde, Steven Weinberg, Edward Witten and especially 
Ashoke Sen for very helpful discussions and suggestions. 



Appendix A: Closed String Conventions 

Consider a worldsheet cylinder with coordinates 
< a < 2tt and — oo < r < oo, and the identification 
a ^ a + 2tt. We usually work in the conformally equiv- 
alent coordinates on the complex plane, z = e~*('^+*'^) 
and z = Q^i'^-") ^ where the string at asymptotic infin- 
ity r = — oo is mapped to a point at the origin. Un- 
less otherwise noted we work in the coordinate system 
(z^z). States are then specified by local functionals on 
the complex plane, T^(0, 0), which by translation invari- 
ance is shifted to some generic point, F(z,z). We use 
a Euclidean signature worldsheet unless specified oth- 
erwise, where r = (T)EuciidGan = i(T)Minkowski- For easy 
reference we note that ida = zd^, — zd^, dr = zd^ + zd^ 
and 2t = In jzp. It is sometimes useful to work in the 
coordinate system, w = a + it and w = a — it with 
dw = \{dc, ~ idr) and 9^ = \{da + idr)- 




a't = -\ — iazOX'^z 



with (a^)^ = aljj and the zero modes are given by 



dz dz 



2'Kiz 2'Kiz 



)x''iz,z), 



p^ = — f [dzdX^' - dzdX^ 

The angular momentum operator reads, 
2 



J^" 



dzX^^dX"^ - dzX^^dX"^ 



the integrals being along a spacelike curve, e.g. |zp = 1, 
andal^^l = ^{at"" - a^'•'). 



2. Operator Products and Commutators 

Recall that for two operators 



dza{z), B = (p d'wb{'w) 



there exists the interpretation, see e.g. [15. 



[A,B]=A-B^(hdw(hdz 

Jo Jw 



a{z) ■ b{w), 



[A, b{w)] = A ■ b{w) ^ f dz a{z) ■ b{w), 



(A2) 



1. Closed String Mode Expansion 

Recall that for the closed string the mode expan- 
sion for the position operator reads. 



X^iz,z) = x^^ -2-p^\nz - t-p^lnz 



.fa' 



'--5:1... 



2 

a^ z' 



(Al) 



n/O 



n 



+ a„ z~ 



with x^ ~ Xj 



p, total momentum p^^ = ^(pl +Pr)i 






W^ 



p'k) 



If we define 

^0 — Y ~2f'L "^^^ "0 — v tPr' ^^^ 
dimensionless mode expansion operators are given by 



and winding vector w^ 

dz = dz /{2Tr), ttp — \/^Pl ^^'^ '^o 



the dot denoting an operator product expansion (OPE), 
where for a free scalar contractions are taken with re- 
spect to the propagator, 



{X''{z,z)X''{w,w)) 



■r|^"'l■a\z-w\^ 



Formally factorizing the position operator according to 
Xf'iz^z) = X''(z) + Xf'iz) then leads to the standard 
commutation relations, 



[X'^iz),drX''{z')] =7?.'^5(a-a'), 



(A3) 



and similarly for the corresponding antiholomorphic 
quantities. 
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3. Closed String DDF Operators and Covariant 
Commutators 



The relevant components of the DDF operators are 
defined according to, 



Al^ \ — i5zaxv"«-^(^\ 



(fzax*e"«-^(^^ 



(A4) 



The spacetinie vector q^ is transverse to the spacehke 
indices i, and q^ = 0. These satisfy an oscillator algebra, 

[Al^,Ai„]=nS'^Sn+m.o, and [Al^,!^^] = nS'^Sn+„,fi 

(A5) 
from which it follows that {A^^ — AL„. We define a 
vacuum according to, a^^Q • e^P-^i^^^) ^ Q and AI^^q ■ 

^ip-X(z,z) ^ with. 



j^-n . ^^v■x(^) ^ Sn-rninq; z) e*(p-"?)-^(-) , (A6a) 

!?;,,_„ • e'^-^(^) - H:,_„,{nq; ^)e^(P-"«)-^(^), (A6b) 



p-n . ^,p-X(z) 



-q- Hn-minq; z)e 



i{p-nq)-X{z) 



(A6c) 



where the polynomials Sn-m{nq]z) and H!^_j^{nq\z) 
have been defined below and we have made use 
of the Taylor expansion, e-*"'?-^('") = E^o("^ " 
z)°S'a(nq;z)e"™«'^(^l Note that in (|X6c| we have ex- 
tended the definition of H^_^{nq] z), to include also 
longitudinal indices, Hl^_^{nq; z), without changing 
the form of the polynomial. 



4. Gauge Invariant Position Operator 



P 



p-q 



and q" — 0. 



From the above definition of the commutators we learn 
that, 



[<,Ay =m5^-^B;j, + m/-g^i?: 



[a';,Bl]=nd-q'^B-, 



■"m+i^ 



K,i^:„,„] = 15^-' B-^^, + nd-q^Dl 



m'\-l,ni 



K,i??] = m.J^q^Bl^, nJ^q^Ell,^,, 



where following |162| we have defined. 



(tz 



J iz 

Dlnn^ \/4 i dzz"'dX'e''"'-^^''\ 
y a' J 

El = ({dzz"'q-dXe'"'^-^^'-\ 



From these commutators and (a^)^ = a^„, (^J,)^ = 
AL„, it follows t^hat (B« )^ = BZl, {Dl,,y = i?L,„._„ 
and {E"^y = EZln- In addition we learn that, 

[Ai,Di,J^es^^E'^\ 

with [B;,^;,,„] = [K,BV\ = [A'n^El] = and 

On the chiral half of a (tachyonic) vacuum state, 
gzpX(z)^ one can readily compute the operator products. 



The position operator is not a gauge invariant 
quantity, [i„,X^(z, z)] ^ 0, and so cannot be inserted 
into covariant path integrals. It is sometimes useful 
to have a operator that is gauge invariant that does in 
many respects have the properties of a position operator 
and we discuss this next. Motivated by the isomorphism 
of the algebras satisfied by a^ and A\ and by the fact 
that [L„, A]-,-] = 0, let us by direct analogy to (|A1[) de- 
fine the following position-like gaug e invariant operator 
for the transverse indices |l75l Il76j | , 



.a 



X'(z,z) = x*-i— pMn|zp 



' \ 1/2 



E: 



K' 



Al 



(A7) 

Here p* = Aq = ckq and x* = ^q^.J'"'^ with the lightlike 
vector q^ and the angular momentum operator J''' as 
defined above. On account of (IA2I) one finds. 



[x\p^] 






iS'^ 



(A8) 



in direct analogy to (|A3[) . Unlike the standard position 
operator, X{z,z), however, the quantity (|A7p is gauge 
invariant given that the DDF operators and the zero 
modes x* and p^ commute with the Virasoro generators, 
[L„,X'(z,z)] = 0, and [i„,x'] = [L„,_p'] = 0, for all 
n G Z (and similarly for X„), and therefore define sensi- 
ble operators that may be inserted into covariant path 
integrals. 

In fact, X*(z, z) can in some sense be thought of as 
the covariant version of the lightcone quantity X^(z, z): 
the A^ reduce to the a^ when one restricts to lightcone 
gauge in which case (|A7|) reduces to (jAip . We can use 
q^ to define a lightcone time q ■ X{z,z) = — ilnjzp to 
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find that (at least classically), 



exp^^j^ a„ z" and read explicitly: 



A„ 



"ll.c. 



4 iszdX\z)z" 



a„ 



where we have formally factorized q ■ X(z,z) into q ■ 
X{z) = —i In z and q- X{z) = —i In z. We hence deduce 
that at least at the classical level, 

{X\z,z)^x%^^=X'{z,z)-x\ 

We conjecture that this be elevated to a quantum- 
mechanical statement: 

{V\F{X^z, -z) - x^ |y)_ = {V\F{X\z, -z) - x^)\V)^^, 

(A9) 
for some well behaved functional F{A) of the argument 
A. Here by |y)cov — V{z,z) we mean the covariant 
vertex operator (|^^ . 

V{z,z) = C£,ij,„M... 

At AJ Ak 11 ip-X(z,z) 

^~ni^-n2 ■ ■ ■ ^-ni^-n2 ■ ■ ■ ^ ' 

(AlO) 
and |y)ic represents the corresponding lightcone gauge 
state (jiT)) . 



J 



a' a" a - a - 



|0,0;p+,p^). 

(All) 

The expression (jA9p follows from the isomorphism of 
lightcone (in terms of the a\^,a\^) and covariant states 
(in terms of the AJj, A\^), the isomorphism of the light- 
cone gauge and gauge invariant position operators, the 
fact that the states (|A10[) and (jAlip have the same 
mass and angular momenta, the isomorphism of the 
corresponding oscillator algebras and finally from out 
main conjecture that the lightcone and covariant states, 
(JA11|) and (jAlOp . share identical correlation functions 
(provided these are gauge invariant). 

For example, (jA9p implies that the expectation 
value of the gauge invariant position operator in some 
covariant state tells us about the position expectation 
value of the lightcone gauge description of this covariant 
state. 



5. Closed String Polynomials 

Elementary Schu r pol ynomials [l77l | are defined by 
the generating scries [23ll |. Ylm=o Sm{ai,- ■■, am)z"' = 



^m\0'l, ■ . ■ , dm) 



E 



ki-{-2k2-\ \-rnkjn—m 



ki\ kjj 



-I (p ctww 



(A12a) 
"^ exp^ ^QsW^ 

s=l 

(Al2b) 



with dw = dw/{2TT), 5o = 1 and Sm<o ~ 0. When 
Qs — — jinq ■ d'^X(z), with q^ defined in (|5ip we write 
Sminq; z) = Smiai, ■ ■ ■ , am)- Forjnstance, when Ug = 
— -^inq ■ d''X{z) or a^ = —^inq ■ d'^X{z), 



Srninq;z) = 



Sminq; z) 



dw 
2'Kiw 



dw 
Q 2'Kiw 



■ w 



exp ( - inq ■ ^ ^9f X(z)) , 
(A13a) 
-^Cxp(~tnq-J2\dlX{z) 



s=l 



(A13b) 



and when there is no ambiguity we shall write instead 
S„i{nq) for the same object, and similarly for Sminq). 
The following Taylor series is useful. 



e-''"'-^'^''^ =J2z'"Sainq;0)e- 



inq-X{0) 



Elementary Schur polynomials, Sm, are related 
to the complete Bell polynomials, Bm, according to, 
5'm(ai,a2,...,a„) = ;ii B™ (a i, 2! 02, ... jjnlapj. Prop- 
erties of the latter have been studied in Il56l Il78l4l81 



The following polynomials in d'^X and 9#X are 
the fundamental building blocks in normal ordered co- 
variant vertex operators and are recorded here for easy 
reference. 



i^W 



Pni^) 



tE 



- (m - 1) 



d"'X\z)Sn^minq;z), 



(A14a) 



-E 



{ (™ - 1) 



-d'^X\z)Sn^,„,inq;z) 



(A14b) 
which when ^...i...p^ is non- vanishing generalizes to 

(A15a) 



Kiz)^\l-p^Sr.inq;z) + P:,iz), 



Kiz)^^l-p^Sninq;z) + P:M- 



(Al5b) 



When necessary we shall also note the argument of the 
Schur polynomials by writing P^imq; z) and H^imq; z) 
although usually n — m which is why we have writ- 
ten instead Pniz) and H„iz). For vertex operators 
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whose lightcone gauge representation is not traceless, 
^...i...j...'5*-' 7^ 0, the fohowing polynomials appear, 



^Tn,niz) = ^ rSrn+r{mq; z)Sn~r{nq\ z) , (A16a) 

(Al6b) 



r=l 



^,n{z) = y^ rS„i+r{mq; z)Sn-r {nq; z), 

r=l 



see ((851). These polynomials have the properties, 
So{nq;z) = y/a' /2q ■ Ho{nq;z) = 1, and HQ{nq; z) = 
y^a' /2p^ and vanish when the subscripts are negative. 
Explicitly, for the first few level numbers, Pq{z) = 0, 
pfiz) = idX\z), P^{z) = 2dX'q ■ dX{z) + id^X'{z), 
and so on, where we have taken a' = 2 for simplicity; 
also, SoiNq) = 1, Si{Nq) = -iNq ■ dX, S2{Nq) = 
2{Nq-idXf - Nq-id'^X,... 

Also the following elementary Schur polynomials 
also appear in the final section. 



Sn-i{n,z) = 
du 



,-{n-e) 



2'Kiu 
Sm-tim.z) = 
du 



exp (- " X! ~r '^^'^(^' ^)) 



s=l 



2'iTiu 



'(m-t) 



exp f-m^ — (910(2, 



(A17) 
obtained from the usual elementary Schur polynomials 
(|A13[) by the replacement: 

inq ■ X{z) — > nG{z, w). 



with the scalar product of two general vectors in compo- 
nents being, ut'v^ = -u-v+-u+v-+u^v^+u'v' . 

The directions, X^^ therefore satisfy Neumann bound- 
ary conditions, whereas directions transverse to the 
brane, X^ , satisfy Dirichlet bound ary co nditions. In the 
Euclidean worldsheet coordinate J232| z = p-tio+ir) ^ 
z = e^i<^-^^) with a G [0,7r] and r € (—00,00), (consid- 
ering only the case of NN and DD strings) Neumann 
and Dirichlet boundary conditions read respectively. 



N : d^X^lgy:, , = and D : ^r^^lasi 2 = 0. 

_ (Bl) 
It is useful to note furthermore that, d^ = i{zd — zd) 
and dr = zd + zd. In the {z, z) coordinates the open 
string physical worldsheet, S, is conformally mapped to 
the upper half plane with the identification, z ^ z. The 
fixed point of this identification (the real line, z = z) 
defines the open string boundaries. 



d^i = {z\z 
dJ:2 = {z\z 



-00 < T < 00}, 
, —00 < T < 00}. 



(B2) 



1. Open String Mode Expansion 

In the open string conventions, the general solu- 
tion to the equations of motion, ddX^^ = 0, is given by 

X^(z, z) = X''(z) + X''(z), with 



Appendix B: Open String Conventions 

We label the spacetime directions tangent to the 
Dp-brane by lower case latin letters from the beginning 
of the alphabet, X"" , with a = 0, . . . ,p, and directions 
transverse to the brane by upper case latin letters from 
the middle of the alphabet, X^ , with I = p + 1, . . . 25. 
In lightcone coordinates and assuming the associated 
lightcone directions satisfy Neumann boundary condi- 
tions we may define. 



X^ 



^(X°±X^) 



This is necessary jl52l | in order to establish the cor- 
respondence between covariant and lightcone gauge: 
recall that in lightcone gauge A"+ = 2a'p~^TM (with 
T = TEuciidcan = «TMinkowski = «tm), which is Compatible 
with Neumann and not Dirichlet boundary conditions, 
see (JB1[) . A general spacetime direction is as always 
labelled by Greek lower case letters, X'^. In summary. 



A'' = {A±,X^}, 


with 


A=l,...,p-1, 


X^ ={X^,X'}, 


with 


/ = p+l,...,25. 


X''^{X^,X'}, 







A:^(z) =x'^ -ia'pllnz^ 



1 ai! 



EL ilii 
n z" 



Xn.-)-4-z«Hlnz- + ^yf^l§ 



2 '■ — ' n z" 



and the momentum is half that of the closed string, 
Uq = \/2a'pL: <5g = V2a'pp . If we define the total 
momentum and winding vectors respectively by. 



P^'^^iPL+P^d 



and 



w^ 



M-PkI (B3) 



it follows that the boundary conditions (|Bip require. 



w" = 0, a° 

/ = 0, < 



5^ =0, 



(B4a) 
(B4b) 



refiecting the fact that open strings cannot wind in the 
Neumann directions and that the centre of mass mo- 
mentum in the transverse directions vanishes. There- 
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fore, the string mode expansions take the form, 



NN 



NN ■ 



DD 



X±(z,z) 



ia'p hi |z|^ 
± 



n 



H- 



X^(z,z)=x^-za'p ln|z| 
, . . . if / 1 



V 2 ^ n Vz" z" 



n^O 



X (z, z) = X — ia'w In ■ 

2 ^ n \z 

n#0 



one may just as weU work with holomorphic quanti- 
ties only in the fuh complex plane. For example, p^ = 

and Jq + Jq = ^, so that C+ represents an open 
spacelike contour in the upper half (stretching from 
a = to tt), C_ represents the corresponding quan- 
tity in the lower half plane (stretching from c = tt to 
27r), and C represents a closed contour, C = C_ U (7+. 



Open String DDF Operators and Vertex 
Operators 



V z" z" / • 



The relevant propagators on the upper half plane 



(B5) 

with the two string endpoints located respectively at 
(switching back to a Minkowski worldsheet, r = te = 

Jtm), 

z — ^ ri 



are. 



N ■ {X+{z,z)X-{w,w)) 



^t(>"|= 

B/ 



N: {X^{z,z)X^{w,iu)) 



n^O 



srAB 



X^{z,z)\oj:i = x', 
and 



In Iz 



Inl 



w ■ 



D 



{X\z,z)X'{w,w)) 



r/J 



X''(z,z)\9^. 
X'{z,z 



dT.2 



x" + {2a')p''TM + iV2^^(-l)"^e 



Inlz 



Inlz 



In Iz 



n 



x^ - (2a')w TT. 



With the definition ffz = dz/(27r), the dimensionlcss 
mod e expansion operators are as in the closed string 



Sz^X^'z'" 



-^ - -\l— (t> dzdX^'z- 
a' 

with (a^)^ = Qi^nj ^nd using the open string constraints 
(jB4[) one may work with the holomorphic quantity, a^, 
onl y. T he zero modes and angular momentum are given 
byH, 



(B6) 

for the Neumann (N) or Dirichlet (D) direc- 
tions respectively, with the normalization conven- 
tion dzdzG{z,w) = ~iTa'5'^[z — w), and G{z,w) = 
{X{z,z)X{w,w)). 

To construct vertex operators we now distinguish 
between excitations tangent or transverse to the brane 
respectively. 



A^ 



At 



SzdX^{z)e'"''-^^''''> 
ffzaX^(z)e"«-^(^'^"\ 



(B7) 



and these act on the open string vacuum, e'P'^^^'^^ 
which is restricted to the real axis, z = z. This pro- 
cedure gives rise to vertex operators of the form. 



dz 



dz 



\2Tiiz 2'Kiz 



yx''(.,.), 



V{z,z) = C^,, 



■^-Tli^-Tl2 



„ip-X{z 



(B8) 



1 



P 



— (bdzdX^\ 

jt-'^ ^ — ddzX^^'dX- 
a' 



and we have used the doubling trick |123| so that the 
integrals are along a spacelike curve, e.g. |zp = 1, 
and al'^'^l = ^{af"" -a'"'). The physical worldsheet is 
in the upper half plane - one identifies antiholomor- 
phic quantities in the upper half plane with holomor- 
phic quantities in the lower half plane and therefore 



as explained in the main text. Self-contractions are sub- 
tracted using the correlation functions (|B6p . The inte- 
grands of the DDF operators are to be restricted to the 
real axis, z = z, and only after the normal ordering 
has been carried out are we to analytically continue the 
integrand in the complex plane so as to perform the 
contour integrations shown in (jB7p . At this point the 
integrations should all be analytic in z. 

Given that open string vertex operators live on the 
boundary of the worldsheet it is sometimes useful to 
represent them as holomorphic functions of a single vari- 
able, z. In the main text we concentrate on open string 
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vertex operators with excitations in the directions tan- 
gent to the Dp-brane, and so it is possible to construct 
vertex operators using instead of ()B7[) the DDF opera- 
tor, 



A^ = J4 idzdX^{z)e""i-^^'\ (B9) 

\ a' J 



with the corresponding vertex operators given by, 



V{z,z)^CUb..A^^,A''^^, 



^ip-X(z) 



(BIO) 



in which case to obtain the normal ordered expres- 
sion, the self-contractions are to be subtracted using 
the propagator. 



N 



{X''{z)X\w)) =-{2a')ri''HiY{z-w), (Bll) 



which follows from (|B6[) by restricting the worldsheet 
arguments to the real axis. To carry out the contour 
integrations shown in (|B9p we analytically continue in 
z around the real axis and the contour is to contain the 
vacuum. 

On a Minkowski signature worldsheet the DDF in- 
tegrals are along the boundary of the worldsheet which 
is coincident with the Dp-brane. The vacuum momenta 
p^ and null vectors q^ are restricted to lie within the D- 
brane worldvolume, see (jB4p , and the g'^ are transverse 
to the DDF operators: 

g-^ = g^ = / = 0. 

The onshell constraints for the open string are, 

o 1 1 



P 



p-q 



2a' 



and q^ = 0, (B12) 



so as to ensure that the vertex operators (jBSp are onshell 
with mass spectrum m^ = —{p — NqY = [N — l)/a' as 
appropriate for open strings. The contractions appear- 
ing in (|B12p arc with respect to all spacetime indices 
pi. 



3. Open String Covariant Commutators 

In direct analogy to the closed string case above we 
learn that. 



[a>;,Bl\ ^nV2^q'^B. 



7n-\-£i 



where we have defined. 



dz 

iz 



Bl ^ (/, _ z'" e™«-^("\ 



S a' J 
El = ({dzz"'q-dXe'"'^-^^''>. 



From these commutators and (a{^)^ = ck-ju (^n)^ = 
Al^, it follows that (i?» )t = BZl, {Dl,,J = i?L,„,_„ 
and [E^)^ — EZ^- In addition we learn that, 

[A^,,D^^^,]=15^^E^+^, 

and, [B'^e^Dl^J = [Al,Bi] = [A^^i^i] = and 

On the chiral half of a (tachyonic) vacuum state, 
^ip-X(z) ^ one can readily compute the operator products. 



j^-n . g.p.x(.) ^ Sn-rrr{nq; z) e'(p-»9)-^(-) , (B13a) 

i5;,_„ • e^^-^(^) - K^.^{nq; z)e'(P-"'^)-^(-), (B13b) 

^-n . ^rp-X(z) ^ ^2^^ . Hr,-ra{nq-, z)e*(P-"«)-^(^) , 

(B13c) 

where the polynomials S'„_,„(n(7; z) and Hl^_^{nq; z) 
have been defined below and we have made use 
of the Taylor expansion, Q-'tnq-x{w) _ ^^^(it; — 

z)''Sa{nq; z)e-™«'^(^l Note that in (|BT3c1) we have ex- 
tended the definition of H^^_„^{nq; z) , to include also 
longitudinal indices, H!^_^(nq] z) , without changing 
the form of the polynomial. 



4. Open String Polynomials 

In the open string sections of the main text we give 
explicit results for normal ordered vertex operators with 
excitations in the directions, A = l,...,p— 1, tangent 
to the Dp-brane. The various polynomials that appear 
in the open string analogous to (|A14[) . (|A13|) . (JAISP and 
(|A16|) of the closed string are in holomorphic language 
given respectively by. 



SN{nq;z) 
H^{z) ^ . 



dw 
2T:iw 



-N 

w exp 



inq ■ Y^ —dtX{2 
s=i ■*■ 



/2a'p''SN{Nq;z) + P^{z), 

N 






d"'X^{z)SN-m{Nq;z), 



- (m - 1)! 

n 

§m,n(-z) = y^jS^n+rjrnq; z)Sn-r{nq; z), 



and further properties and examples for iV = 0, 1 and 
2 of these are given in Appendix [Xj The a' = 2 results 
there correspond to a' = 1/2 results here. 
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(as we will see) eigenstates of p^, p' but not of p~. 
Thi s is i n agreement with the conventions of Polchin- 
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the relation to the gravitational coupling is «; = 2Tigc 
with K^ = 9,-kG(^\ and Grji the d-dimensional New- 



"-(d) 



(d) 



ton s constant. 

Note that the factors of l/\/2 _EVd -i are absent in the 

S-matrix elements defined in [l23| . 

The reason as to why lightcone coordinates are useful 

in the case of coherent states (as mentioned above) is 

that they are eigenstates of p^ and p, but not of p~ , 

and so it is not possible to factor out 1/ yj2jp, but it 

is possible to factor out l/\/2p+. 

It is implied here that a' = 2 in the case of closed 

strings or a — 1/2 in the case of open strings. 



53 



[192] The usual path integral definition is not useful here 
because the path integral associated to two vertex 
operator insertions vanishes (unless the state under 
consideration is unstable) , because the volume of the 
CKG is infinite and two vertices are not sufficient to 
saturate this infinity. This is because the path inte- 
gral yields only the non-trivial contribution to the 
S'-matrix, whereas in p6|) it is the trivial or non- 
interacting part that is relevant. 

[193] Vertex operators (|43[l or (|44|) that do not satisfy the 
constraint N — N still satisfy the Virasoro constraints, 
Lo = Lo, but require the presence of a lightliko com- 
pactified background. We will discuss vertex operators 
in lightlike compactified backgrounds in detail when 
we construct closed string coherent states. 
Here for notational simplicity a' = 1/2, or a' = 2 
for the open or closed string case respectively. Also, 
p = (p^, . . . ,p^*) and as usual p = -ys{p'^ ±p^^), or 
in the case of open strings attached to a Dp-brane, 

As an example, if we boost to the rest frame where the 
fc' = and k" = ^2N - 2, the vect ors p'" a nd q'" are 
determined completely, and c^^ = ^2N — 2. 
The constant C should not be confused with that ob- 
tained in the previous sections. Throughout the rest 
of the section C will be defined according to (J48} . For 
coherent states (in later sections) C will again be dif- 
ferent. 

Recall that the Virasoro generators read, L„ = 
fj^.^"^'{-irdX-dX), andL„ = f: 



[194] 

[195] 
[196] 

[197] 
[198] 



_d2_ -n + 1 / 
27ri 



[199] 
[200] 



[201] 
[202] 

[203] 

[204] 

[205] 

[206] 
[207] 



i dX ■ dX) . 

We use the convention X{z, z) = X{z) -f X{z) which 
can be use d ins ide correlation functions in the absence 
of sources [150^ . 

Recall that ^i,j is transverse to q^ . 
For vertices that correspond to lightcone states whose 
trace is non-vanishing there is an additional polyno- 
mial, §n,m(2), see below. All these polynomials how- 
ever are ultimately composed of elementary Schur 
polynomials, Sm{nq;z). 

Recall that in the CFT language there i s no Ricci 
scalar in the dilaton vertex, see Polchinski [l50l |. 
Here we have included the 'one string in volume Vd-i 
normalizing factor ,_„"*".. and use the relativistic 



-i(k'- 



normalization (0, 0; fc'jO, 0; fc) = 2E^{2tiY-^ 5"^- 
k). 

The Lq — Lq Virasoro constraint is satisfied without the 
requirement N — N but as we discuss later this is only 
possible in a spacetime with lightlike compactification 
given that for N j^ N we have fcL ^ ^r = — (A'^ — N)q 
with q^ — 0. 

The coherent states constructed here are eigenstates of 
momentum however in the spacetime directions trans- 
verse to g" as we shall see. 

The naive definition, that a coherent state should be 
an eigenstate of the annihilation operators is not in 
general compatible with the string theory symmetries. 
Here X^^{z,z) is an arbitrary non-trivial solution of 
the wave equation, 99X^(2:, z) — 0. 
We will normally not exhibit these additional labels 
explicitly, and hence write V{\) instead of V{X, . . . ), 
or even V{z) when there is no possibility for confusion 
with the mass eigenstates of the previous section. 



[208] The index p on go,p denotes the dimensionality of the 
Dp-brane in which the string is propagating and should 
not be confused with the momentum of the vacuum p". 

[209] The dimensionalities are such that [go.p] = 

L 2 L 2 = L 2 

required by unitarity. 



that [go,p/^/2p+V^\] = 1 as 



[210] Recall that 
[211 



— V J Euclidean 

^i(CT-iT) 



= i{r)i 



L^"" = x^' 



X p'^ 



[212] 



In particular, in covariant gauge, 
and in lightcone gauge, U-' = x^p-' — s-'p', L~ 
x^p" — i(a;'p" — p^x*), L^^ — ^[x^p^ -f p+x") and 
U^ — x^p'^ which may be interpreted either classically 
or quantum-mechanically. 

We are adopting the rath er ge neral definition of a co- 
herent state as given in [l60l ] and minimally extend 
it to include the string theory requirements. For in- 
stance, under this definition, coherent states need not 
(in general) be eigenstates of the annihilation oper- 



ators, a: 



n>0' "n>Oi 



in order for this definition to be 
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[224] 
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satisfied. 

We are being pedantic here for a subtle reason that 

will become clear later. Recall that the Hilbert space 

Ti. is in general a background dependent quantity, and 

so the explicit realization of the unit operator, 1, is 

also background dependent. 

We shall occasionally write V^xip), V{X, A), ^(A, A;p), 

or even V{z, z) (with z, z the worldsheet location 

where the vertex is inserted) to denote the same object 

y(A,A,p). 

The decomposition is orthogonal in the sense that 

(KnjKi) = 5m,n- 

DS would like to thank Joe Polchinski for suggesting 
that the projected states should also have coherent 
state properties. 

The authors would like to thank Diego Chialva for 
raising this question. 

This proves that the solution to the single-valuedness 
requirement that one normally considers, k = n/ R, 
must be generalized in lightlike compactified space- 
times. 

For completeness we note also that ^{pZ) ~ 
[(iV) -1\R-, ^{p^) = [{N) - l\R- and (p+) = 
(p+) = l/R- with r = Wl+P^) and P±r = 

^,{pln±ptn)- 

The following was suggested by Ashoke Sen and DS 
would like to thank him for extensive very helpful dis- 
cussions of these issues. 

This was suggested by Joe Polchinski and the authors 
are very grateful to him for this suggestion. 
Recall that the transverse Virasoro generators read. 



-Pl + 



N^, and N^ 



E„>o"-n"n' ^^ = E„>o "-nan- 
Recall that Z/„ = 2 ErgZ • ^n-rOtr '■■ 

The authors would like to thank Kostas Skenderis and 
Marika Taylor for bringing [l7ll | to their attention. 
The picture we have in mind here is, T-L = ©„gz^™, 
with Gm such that, Gm '■ H — >■ "Hm, and G™ : "Hw — >■ 
rtw 

We occasionally write Vxxip), V'(A,A), V{\,\;p), or 
even V{z,z) (with z,z the worldsheet location where 
the vertex is inserted) to denote the same object 
V{X,X,p). 



54 



[227] We have thus overcome the problems in the covariant 
cohe rent state construc tion encountered by Calucci 
[1821 ] , see also [l25l . Il83l ] among others. 

[228] Note that the naive definition that coherent states 
should be eigenstates of the annihilation operators 
is not in gene ral c ompatible with the symmetries of 
string theory [l25j . as this would imply that {X) — 
^classical, and this is not possible when states are in- 
variant under spacelike worldsheet translations, see 
comments below (|122|l . 

[229] A similar expression has appeared already in the liter- 



ature, e.g. [184 

[230] DS would like to thank Sanjaye Ramgoolam for a very 
interesting discussion on the Matrix Model - string 
theory correspondence. 

[231] Elementary Schur polynomials, S,n{^), are not to be 
confused with the Schur polynomials, Sa(x). Given a 
partition A = {Ai > A2 > . . .} these are related how- 
ever, S'a(x) = det(S'Ai-i+j(x))i<i^j^<|A|. 

[232] Ou r con ventions are mostly in agreement with Polchin- 
ski [12I. 



